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ABSTRACT
Advisor: David F. Feldon, Ph.D.

Recursion is a difficult concept to learn in introductory computer science courses.
Students frequently construct maladaptive mental models of recursion that interfere with
their performance and subsequent skill development. Common explanations assume that
these mental models are not decomposable mental structures. However, such an
assumption fails to account for the inconsistent manifestation of these mental models
across similar tasks.

This study applies the knowledge-in-pieces perspective (diSessa, 1993) to explain
students’ inconsistent performance on evaluation of recursive function. According to this
perspective, phenomenological primitives (p-prims), experientially acquired tacit
elemental knowledge structures, play dominant roles in naive knowledge systems. Various
task features may differentially constrain their influence, which renders them productive in
some instances and problematic in others. This subtle mechanism gives rise to the
inconsistent performance across tasks that target the same concept.

Reanalysis of data from previous studies suggests a potential p-prim that plausibly
accounts for students’ inconsistent performance within and across similar tasks. This
p-prim reflects intuitive understandings of agentive causality (i.e. agent takes an action on
a patient to generate certain effect) that commonly account for misunderstandings in
physics concepts (diSessa, 1993). To evaluate this general hypothesis of a
computer-as-agent p-prim, participants completed four tasks representing varying levels of
constraint on their reasoning and participated in clinical interviews to report and explain

their thought processes. It was expected that more participants would demonstrate the
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normative mental models of recursion in the high-constraint tasks than in the
low-constraint tasks, because the computer-as-agent p-prim would be more likely to
interfere with appropriate analysis under lower constraint. Further, participants’
interpretations of the recursive functions were expected to demonstrate characteristics
associated with p-prim-generated interpretations.

Results largely support the hypothesized p-prim. Participants’ inconsistent
performances were successfully explained by various modes of coordination between the
computer-as-agent p-prim and relevant programming schemas. This finding advanced our
understanding of students’ difficulties in learning recursive programming and pointed to

ways to improve instructional practices.
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CHAPTER 1
INTRODUCTION

The United States is actively engaged in a large-scale movement promoting
educational excellence in science, technology, engineering and mathematics (STEM)
disciplines. The endeavor, currently motivated by a potential human resource shortage, is
attributed in large part to an educational deficit in related disciplines (Augustine et al.,
2005). The situation in the field of computer science (CS) is particularly urgent
(Computing Research Association, 2011): despite a slow increase in the number of
computing graduates over the past two years, institutions of higher education still cannot
meet the fast growing demand for qualified graduates in the computing industry (Bureau of
Labor Statistics, 2009).

As the main entry point to computing careers, CS introductory courses suffer from
high attrition and failure rates (e.g. Beaubouef, 2005; Chinn, Martin, & Spencer, 2007,
Guzdial & Soloway, 2002; Howles, 2007, 2009; McKinney & Denton, 2004). Also, at the
conclusion of their introductory programming courses, empirical assessments indicate that
many students are unable to perform standard programming tasks (McCracken et al., 2001).
A nationwide survey of CS faculty members reports their perception that students have
difficulties in understanding basic programming concepts such as parameters, functions,
arrays, recursion, and object-oriented constructs. Further, the majority indicate that those
students who do have an adequate understanding stumble when applying these concepts

during problem solving (Dale, 2006).
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Recursion is frequently cited as one of the most difficult topics for beginning CS
students (e.g., Dale, 2006; Goldman et al., 2008). Most students have encountered neither
the concept nor its vocabulary previously (e.g., Kahney, 1983; Levy, 2001). When
presented with recursive phenomena such as Koch Snowflakes, students tend to interpret
them only as repetitive, cyclic, sequential, or multi-dimensional, which do not convey the
essence of the concept as a self-referencing function (Levy, 2001). Further, students’ lack
of understanding about how recursive functions are executed as programming code often
persists through substantial training (G6tschi, Sanders, & Galpin, 2003; Sanders, Galpin,
& Gotschi, 2006). Even when students are able to appropriately apply recursive syntax,
they continue to have difficulty analyzing problems that require a recursive approach
(Mirolo, 2010). If not explicitly suggested, many students will not employ recursion to
solve inherently recursive problems (Ginat, 2004; Vilner, Zur, & Gal-Ezer, 2008).

Given these difficulties, many CS faculty members opt not to teach recursion in
introductory courses at all (Dale, 2006). However, recursion’s fundamental status in
computing warrants an early placement in the curriculum (Schwill, 1994). Experts in
introductory computing subjects consistently rank the importance of the concept highly
(Goldman et al., 2008). The ACM/IEEE Joint Task Force on Computing Curricula
consistently recommends coverage of recursion in introductory courses (The Joint Task
Force on Computing Curricula, 2001; Tucker, 1991). Inclusion of recursion in many
widely adopted introductory CS textbooks reflects implicit agreement from their authors
about its importance (Tew & Guzdial, 2010). Although educational trends in CS have
brought about six different tracks of introductory courses (i.e. imperative-first, objects-first,

functional-first, breadth-first, algorithms-first, and hardware-first), recursion is one of only
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a few topics shared across all tracks (Shackelford et al., 2006). Thus, a thorough
understanding of the factors underlying students’ learning difficulties could inform
instructional practices and substantially benefit the preparation of the future computing
workforce.
Recursion

In the most general sense, recursion is a method to define something in terms of itself.
The classic example frequently used to introduce recursion is the factorial function. In
mathematics, the factorial of a positive integer n (i.e., n!) is the product of all positive
integers less than or equal to n (given that 0! = 1). For example, 3! = 1*2*3 = 6. In the
context of computer programming, a recursive function' can be written to generate the
factorial value of any input n. From the problem solving perspective, recursion can be
defined as a method that “breaks a problem down into smaller sub-problems of the same
kind...the solutions to the sub-problems are then combined into a solution to the main
problem” (Holyer, 1991, p.51). According to this definition, the smaller problem instance
of the factorial function n! is (n-1)!. Thus, n! can be obtained by applying the operation

“multiply n” to (n-1)!. In addition, the smallest instance of the problem, or the base case,

' Recursive function is called by different names in different programming environments
such as recursive method in Java (Cohoon & Davidson, 2006), recursive function in LISP
(Anderson, Pirolli, & Farrell, 1988), and recursive procedure in Scheme (Abelson,
Sussman, & Sussman, 1996). Sometimes, it is also called recursive algorithm (Gotschi,
2003; Gotschi, Sanders, & Galpin, 2003). In order to simplify communication, the term
“recursive function” is used instead of its variants in the review of literature.
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for which the answer is readily available is 0!=1. Therefore, the recursive function can be
expressed by the following pseudo code:

factorial (n) {
If (n=0) result 1; *base case
else result n*factorial (n-1) ; *factorial (n-1) is a smaller problem instance

}

The way that the function employs itself as part of the steps is known as the recursive
structure. However, the above definition does not make evident how the computer executes
the function. To interpret the factorial (n-1) within the factorial (n), the computer itself
relies on the other definition of recursion: “a process that is capable of triggering new
instantiations of itself, with control passing forward to successive instantiations and back
from terminated ones” (SOLO Programming Manual, as cited by Kahney, 1983, p.235). To
illustrate this process, a representation of how the computer interprets and executes

factorial (3) is shown in Figure 1.

Factonal (3)

[ ra—

- i ~ ~
'\'\ n=07?. :)—’ 3A. Factornal (2).
-~ ~ -

'
:N /{\ F_A_\
s «4\ n=07. :,—b- 24, || Factorial (1).
\\"I
N 5 3 —
¢ ’~: n=0?. :,-P 1*. || Factonal (0). |«
\‘I'
:x -~
‘ S 11—0-’ a\

retum 1.

Figure 1. Simulation of how computer executes the factorial function with an input of 3.

In Figure 1, the recursive process (denoted by the arrows) starts with processing
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factorial (3). Firstly, the argument 3 is evaluated against the condition n=1? (denoted by the
diamond frames). If n does not equal 1, then the second line of the function 3*factorial (2)
is processed. The operation n* (denoted by the short rectangular frames), however, will be
suspended because the recursive call, factorial (2) (denoted by the long rectangular frames)
needs to be instantiated and processed in the same manner. When the processing reaches
the stopping rule, factorial (0), for which the result (denoted by the oval frames) is already
known, the result will be passed back to the previously suspended operations until the
result of the original problem, factorial (3), is obtained (Abelson, Sussman, & Sussman,
1996). The process prior to the base case is called active flow of control, and the process
after is called passive flow of control (George, 2000).

Noticeably, there are two sets of terms that define recursion: 1) base case and
smaller problem instance, and 2) stopping rule and recursive call. These two definitions
and associated terms are not simply different wordings. They reflect a fundamental
distinction between the functional and the procedural programming paradigms (Haberman
& Averbuch, 2002). Functional programming expresses the logic of a computation without
describing its flow of control, and it treats computation as the evaluation of mathematical
functions. Such a function only describes what should be accomplished. In contrast,
procedural programming describes a computation with statements that define sequences of
commands for the computer to perform. Because recursion originated within the functional
programming paradigm, programmers may only attend to the formulation of the necessary
recursive structure itself. However, understanding the recursive process is also important
for verifying and debugging complex recursive functions (Segal, 1995).

There are many types of recursive functions, though only those relevant to the
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current study are introduced here. Tail recursion is a special case of recursion, in which the
recursive call is immediately followed by a return. In other words, the value obtained from
the called procedure must be returned by the calling procedure. For example, the factorial
function can be written into a tail recursion as:
fact (n, accumulator) {

if (n == 0) return accumulator;

return fact (n - 1, n * accumulator);

}

factorial (n) {

return fact (n, 1);

In the auxiliary function fact (n, accumulator), the parameter “accumulator” is
responsible for recording the changing result so that no suspended operation is needed. As
such, tail recursive functions generate an iterative process, which can also be generated by
an equivalent, non-recursive looping function.

In contrast to tail recursion, embedded recursion is complete and typical in the sense
that there are operations both preceding and following the recursive call. The operations
that precede the recursive call are called head-block, and those that follow the recursive
call are called tail-block (Kurland & Pea, 1985; diCheva & Close, 1996). In order to enable
fine-grained analysis in this study, head-block or sead and tail-block or tail only refers to
operations that are independent of the recursive instantiations. Operations contingent on
the results of recursive calls are referred to as prefix or suffix depending on their locations
relative to the recursive calls.

Statement of the Problem
Students frequently construct maladaptive mental models of recursion that interfere

with their skill development and subsequent performance (e.g., Kahney, 1983; Scholtz &
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Sanders, 2010). Common explanations assume that these maladaptive mental models are
not decomposable mental structures developed from prior learning of related looping
constructs (e.g., Turbak, Royden, Stephan, & Herbst, 1999) or incompatible programming
paradigms (e.g., Ginat & Shifroni, 1999). These explanations, however, cannot account for
several sets of empirical findings. First, individuals' mental models and associated
misconceptions manifest inconsistently across problem contexts (Mirolo, 2010; Segal,
1995), so they cannot have a single, stable cause. Second, empirical evidence reflects
significant benefits to learning of looping constructs prior to developing recursive
programming skills (Kessler & Anderson, 1986; Wiedenbeck, 1988) and instances where
programming paradigms appropriate for recursion also invoke misconceptions (Kahney,
1983; Segal, 1995). Third, cognitive development is continuous, which belies the
definition of a misconception as a discrete but mistaken knowledge state (Smith, diSessa,
& Roschelle, 1994).

In order to better explain students’ difficulties in mastering recursive programming
skills, this study applies the Knowledge—in-Pieces theory (diSessa, 1988, 1993). This
theory accounts for the inconsistency, origination, and development of maladaptive
knowledge in the domain of physics education. According to the knowledge-in-pieces
theory, conceptual knowledge is best understood as a complex system that comprises
parts whose interactions generate emergent global properties. The naive knowledge
system is characteristic of loosely connected knowledge structures, whereas in the expert
knowledge system these knowledge structures are properly connected to achieve
coordinated applications.

There are a variety of knowledge structures with varying degree of structural
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complexity and different origination. The most fundamental knowledge structures,
phenomenological primitives (p-prims; diSessa, 1993), are composed of only a few parts
and develop from experiences with common phenomena. For example, a p-prim called
“force as a mover” forms from the experiential phenomenon that motion is caused by a
push (diSessa, 1993, p.129). A p-prim is activated only when the configuration of the
contextual features fits is designated circumstance. A slight change in the contextual
configuration may activate a different p-prim. For instance, the “force as a mover” p-prim
cannot respond to other circumstances like a moving object slowing down to a stop, which
has its own responsible p-prim “dying away” (diSessa, 1993, p.133). As such, a large
number of p-prims exist for numerous common physical phenomena. They enable people
to explain and predict events in the world in a way that is intuitive and consistent with lived
experience, even if the p-prims are not fully consistent with natural laws. With the “force as
a mover” p-prim, a person seeing someone kicking a ball will be able to instantly predict
the ball’s subsequent motion due to operation of the p-prim. Thus, p-prims underpin our
fluency in interacting with physical world.

An important characteristic of p-prims is that they play different roles in knowledge
systems with varying levels of expertise. In a naive knowledge system, their activation is
largely independent, rarely spreading to other knowledge structures. This explains the
observation that students often feel satisfied with their intuitive explanation of physical
phenomena instead of relating to the scientific concepts for deeper explanation (e.g.,
diSessa, 1993). In contrast, a p-prim in an expert knowledge system does not operate as an
independent explanatory construct, but as a trigger to spread activation to a cluster of

knowledge structures, referred to as a coordination class (diSessa & Sherin, 1998).
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Coordination classes correspond to scientific concepts (e.g., force, heat, etc.) if those
concepts are properly understood. Thus, the process of conceptual change, which is central
to expertise acquisition, is viewed as reorganization among p-prims and interconnections
among relevant knowledge structures in response to environmental perturbations.

The knowledge-in-pieces theory appears to be a promising explanation of students’
misconceptions of recursion. Given the hypothesis that a misconception is the product of a
functioning p-prim, the knowledge-in-pieces theory would predict erratic performance
across isomorphic problem contexts, because the surface differences between the contexts
may activate different p-prims or change p-prims’ role in activation networks. Further, the
existence of relevant p-prims prior to formal instruction in recursion can explain
misconceptions that occur regardless of the compatibility of previously learned looping
constructs or programming paradigms. In addition, the conceptual change mechanism
specified by the knowledge-in-pieces theory would address the issue of discontinuity
entailed by viewing misconceptions as context-independent beliefs. A
knowledge-in-pieces account of recursion learning would ultimately specify the p-prims
underlying common misconceptions and describe the conceptual transformation processes
in detail. Such a systematic and elaborated account would offer more specific
recommendations for assessment and instructional intervention than those upon which
current efforts are based (e.g., Scholtz & Sanders, 2010).

Purpose of the Study

The purpose of this study is to explain beginning CS students’ misconceptions of

recursion using the knowledge-in-pieces theory. To accomplish this, it is necessary to

identify and characterize underlying p-prims. Thus, the study’s research questions are:
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1. Do beginning CS students demonstrate reliance on identifiable p-prims when

trying to understand and apply recursion?

2. Ifthey do, what are the structures, relevant circumstances, functions, and effects

of these p-prims as they impact learning and performance?
Significance of the Study

This study offers an alternative explanation for students’ misconceptions of
recursion. As indicated in the statement of the problem, the existing alternative views are
inadequate for explaining the inconsistency, origination, and development of
misconceptions. The knowledge-in-pieces theory can account for these phenomena.

A knowledge-in-pieces-based explanation holds implications for the design of
diagnostic assessment. Traditionally, the goal of diagnostic assessment is to detect the
misconceptions held by students. However, misconceptions are limited targets for
intervention due to their inconsistent manifestations across problems. The fine-grained and
context-bound p-prims may offer more meaningful diagnosis because of their links to both
the surface and deep structures of problems.

Further, findings from this study can provide a basis for a comprehensive model of
recursion learning. On the basis of identified p-prims, future studies can more fully
examine the evolution of the knowledge base that supports recursive programming. As the
structures, functions, and activating contexts of p-prims are better understood, a more
nuanced and targeted instructional approaches can foster the efficient and accurate
configuration of p-prims into coordination classes to support high-level performance in CS.
Specifically, these findings can inform three current debates in the CS education

community.
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The first debate pertains to whether recursive process, recursive structure, or both
should be taught in introductory CS courses. The dominant view among CS educators
emphasizes only a general understanding of the recursive process (e.g., Gotschi et al., 2003;
Sanders et al., 2006; diCheva & Close, 1996). However, some researchers seriously
question the adequacy of emphasizing only this aspect. Ginat and Shifroni (1999) and
Haberman (2004) demonstrate that understanding the recursive process is inadequate for
students to generate recursive functions. They argue in favor of an emphasis on recursive
structure to enhance students’ abilities to solve recursive problems. Others advocate a
purely declarative instructional approach by showing that one can use an inductive method
to construct and verify recursive functions without considering how the functions are
executed by the computer (Ford, 1984).

The second debate pertains to the optimal sequence for teaching programming
concepts. Given the conflicting findings regarding the relationship between knowledge of
looping construct and knowledge of recursion, there are divided opinions regarding which
should be taught first. For functional programming languages such as Scheme, recursion is
consistently introduced earlier because looping can only be expressed via tail recursion
(e.g., Abelson, Sussman, & Sussman, 1996). With other programming languages, either
approach is viable (e.g., Turbak et al., 1999). Most textbooks and instructors treat recursion
as an advanced topic and place it after looping—usually toward the end of the introductory
CS curriculum (e.g., Cohoon & Davidson, 2006; Savitch, 2008). Looping-first sequencing
is supported by some findings that learning looping first benefits learning recursion but not
vice versa (Kessler & Anderson, 1986; Wiedenbeck, 1988). However, other studies suggest

that recursion should be taught first, because prior experience with looping interferes with
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learning of recursion (Levenick, 1990; Turbak et al., 1999).

These two debates can be reformulated by viewing these programming constructs —
recursive process, recursive structure, looping construct and recursive construct — as
coordination classes. According to knowledge-in-pieces theory, two coordination classes
may be mutually exclusive or overlapping depending on whether they share the same
knowledge structures (diSessa, 1993). This compositional relationship may influence these
coordination classes’ development trajectories. Thus, development of the coordination
classes may be independent of each other, mutually facilitating, or mutually hindering at
different phases of their development. These potential complexities may be responsible for
the controversial views discussed above. Identifying relevant p-prims and their evolution
into coordination classes over time can recommend one approach or a combination of
approaches that target those p-prims most likely to interfere with subsequent knowledge
acquisition.

The third debate concerns the selection of appropriate examples to introduce
recursion. Typically, CS textbooks and instructors introduce recursion using mathematical
functions such as factorials or Fibonacci numbers. However, these mathematical examples
may neither be engaging to students nor intuitive to understand due to the mathematical
knowledge required (Levenick, 1990; Turbak et al., 1999). Alternatively, introductory
examples could be drawn from everyday events (Levenick, 1990; Turbak et al., 1999).
However, these examples can be problematic due to students’ intuitive and idiosyncratic
interpretations (Conway & Kahney, 1987). In this respect, mathematical examples might
be more appropriate because they are much less subject to individualized interpretations

than everyday examples.
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From the knowledge-in-pieces perspective, the choice may be situational. For
students without adequate mathematical knowledge—especially the knowledge of
mathematical induction—the non-mathematical example strategy is promising, because
they are likely to activate p-prims that need to be incorporated to the coordination class of
recursion. However, the existing p-prim activation patterns may hinder learning of
recursive concepts. For students with prior knowledge of mathematical induction, the
coordination class of recursion has already been developed in the domain of mathematics.
Extending it to the domain of programming would likely not be as demanding. Thus,
mathematical examples would be a reasonable choice in such situation.

Delimitations and Limitations

The objective of this study is to identify and characterize p-prims in introductory CS
students’ understanding of recursion, but the p-prim descriptions to be generated are
preliminary. Because p-prims are hypothesized to play different roles as expertise develops,
these working versions must be evaluated in knowledge systems at different levels of
expertise. This present study, however, is only focused on naive knowledge systems. To
complete and refine the descriptions of p-prims, further studies will need to be conducted
in more developed knowledge systems.

The methodology of this study limits its generalizability in terms of sample
representativeness and performance representativeness. Participants are students at a
top-ranked American university, so they are likely to differ in important ways from
students with less demonstrated academic success. Also, these participants were recruited
from a class that only enrolled students with no prior programming knowledge, thus they

were likely to begin with lower programming competence than average introductory CS
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students who often have varied background in programming. Also, because participation
is voluntary, the participants are likely to have different motivational characteristics than
otherwise similar students who did not volunteer. The sampling frame limits the ability to
generalize conclusions from the sample to the population, although the objective of this

study is to conceptualize theoretical constructs rather than produce generalizable results.
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CHAPTER 2
REVIEW OF LITERATURE
In order to meaningfully explore the problems posed in Chapter 1, it is first

necessary to examine two sets of theoretical assumptions and their empirical supports.
Specifically, the first set, the traditional cognitive information processing perspective,
includes the assumptions that (a) learning is governed by a domain-general skill
acquisition mechanism (e.g., Pirolli & Anderson, 1985) and (b) students have no prior
knowledge in recursive function (Anderson, Farrell, & Sauers, 1984). The latter
assumption permits the former to be applied to the studies on learning of recursive function
without prior knowledge acting as a confounding variable. These two assumptions together
render learning of recursion a mechanical process of acquiring information and rules from
scratch. The associated empirical studies, however, evoke observations that refute the

no-prior-knowledge assumption and problematize the skill acquisition assumption.
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These observations give rise to the second set of assumptions aligning with the
constructivist perspective, that (a) learning occurs when students construct new knowledge
on the basis of their prior knowledge even when that knowledge is not specific to recursion
(e.g., experience with the looping construct; Kahney & Eisenstadt, 1982; Kessler &
Anderson, 1986) and (b) due to interference of the prior knowledge, students construct
relatively stable mental models of recursion that consist of persistent, maladaptive
misconceptions. Acknowledging the importance of students’ prior and intermediate
knowledge states, recent studies identify and characterize persistent types of mental
models problematic for successful use of recursive functions. Despite consistent evidence
of these mental model categories across studies, the literature has not yet recognized higher
order patterns that occur as mental models manifest across various task situations.

The mental models described in the extant literature are examined through the lens
of a knowledge-in-pieces conceptual framework (diSessa, 1993) to characterize common
aspects of these models that may manifest differently across presented tasks. Data from
these studies are reanalyzed for this purpose to identify potential p-prims that may play an
active role in the understanding of recursion in computer science.

Information Processing Perspective: Skill Acquisition

The Adaptive Control of Thought-Rational (ACT-R) theory of learning (Anderson,
1993) serves as the foundation for a series of studies on learning of recursive function
(Anderson, Pirolli, & Farrell, 1988; Pirolli, 1986, 1991; Pirolli & Anderson, 1985). ACT-R
specifies basic cognitive units and operations that drive human cognition. In ACT-R, there
are two distinct forms of knowledge: declarative and procedural. Declarative knowledge is

the factual information stored in long-term memory, which is represented and manipulated
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in working memory in the form of a chunk—a primitive knowledge structure with only a
few parts. Procedural knowledge, or the knowledge of when and how to perform a specific
task, is embodied in the form of production rule. Production rules consist of initiating
conditions coupled with actions that are initially acquired as declarative knowledge but
evolve into a nondeclarative form through practice over time.

Knowledge acquisition is governed by two distinct mechanisms for declarative
knowledge and procedural knowledge respectively. Declarative knowledge is acquired by
encoding information from the environment or retrieving results of past mental processing.
Procedural knowledge is acquired through analogical problem solving, in which learners
formulate production rules on the basis of examples and apply them to solve problems.

Analogical Skill Acquisition Model of Learning Recursion

Based on the ACT-R theory, learning of recursive function is viewed as a skill
acquisition process governed by the analogical problem solving mechanism (Pirolli &
Anderson, 1985). Empirical studies show that participants initially rely heavily on
examples and analogical problem solving strategies. If examples are provided, most
students spend more than one third of their time looking at the examples during their first
attempt at solving recursion problems (Pirolli & Anderson, 1985). Protocol analysis
reflects students’ attempts to solve problems by structurally mapping problem features
onto those of the examples and then importing elements from the examples into the
solutions. This analogical problem solving process is characterized in terms of production
rule acquisition and compilation. In the first place, matching features between example and
problem is achieved by a set of preexisting comparison productions. If an arbitrarily

defined similarity criterion is met, a preexisting domain-general structure-mapping

www.manaraa.com



18

production is implemented to generate a sequence of actions that solve the problem
(Singley & Anderson, 1989). Then, these problem-solving actions are compiled into
production rules specific to the problem. With the acquired production rules, students
depend less and less on examples as they progress through further practice. Also, if the
similarity between the example and the problem is high, students are less likely to make
errors on the parts of the problem not analogous to the example (Pirolli, 1991).

Flaws of the Analogical Skill Acquisition Model

However, research also shows that students often do not consider using given
examples as analogies or misinterpret problems in ways that hinder analogical problem
solving (Kahney & Eisenstadt, 1982). Further, the mapping strategies they employ often
remain at the syntactical level and do not reflect the underlying functional concepts,
resulting in poor understanding of both recursive function (Kessler & Anderson, 1986) and
target problem (Kahney & Eisenstadt, 1982).

These results highlight problems with the assumption that students have no prior
knowledge of recursion. Students likely do not have formal knowledge of recursion, but
their intuitive assumptions about recursive function and recursive phenomena can
influence learning processes and outcomes. They often interpret a recursive problem on the
basis of their informal knowledge about the problem (Kahney & Eisenstadt, 1982; Levy,
2001), unintentionally fleshing out the problem statement with irrelevant elements drawn
from their everyday knowledge about the problem cover stories (Keane, Kahney, &
Brayshaw, 1989). The flaws of the analogical skill acquisition model, as evidenced in these
findings, are accounted for in the studies on mental models of recursion reviewed in the

following section.
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Constructivist Perspective: Mental Models

Parallel to the inquiries on how students acquire recursive programming skills, many
researchers investigate how students make errors in recursive programming. The data
sources are those typically disregarded by skill acquisition research in the tradition of
ACT-R. The observational settings are not as constrained as those in the skill acquisition
experiments. Frequently, data are gathered from naturalistic settings such as course exams
or classroom activities. This research explicitly or implicitly draws on the notion of a
dynamic mental model to interpret observations.

Mental Model Theory

The theory of mental models provides a pragmatic explanation of human reasoning
(Craik, 1943). In the most general sense, mental models are internal representations of
certain domains. People construct, manipulate, and evaluate mental models to explain and
predict events occurring in the world (Gentner & Stevens, 1983; Johnson-Laird, 1983).
Although a pragmatic tool for reasoning and problem solving, mental models do not
necessarily reflect the state of affairs in the world accurately and completely (Norman,
1983). Their flaws and imperfection account for human’s bias and errors in ordinary
reasoning (Johnson-Laird, 1983). For instance, novices in formal logic do not apply rules
of inference to make syllogistic inference. Instead, they build mental models of the given
premises and then test their validity by directly manipulating the components of the models.
Certain characteristics of premise sets render mental model more or less difficult to
construct and manipulate, which lead to systematic judgment bias toward the simpler
inference situations (Johnson-Laird, 1980).

Mental models are constantly evolving as people continuously interact with the
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world (Norman, 1983). This evolution may occur as model components are added,
removed, or differentiated, or as relationships among model components are established,
eliminated, or altered (Ifenthaler, Masduki, & Seel, 2011). This dynamic property of
mental models makes it a useful construct to explain novice-expert knowledge gap (e.g.,
Larkin, 1983) and the mechanism of conceptual change (e.g., Chi, 2008; Clement &
Steinberg, 2002). The nuanced properties of this representational system, however, are still
subject to individual researcher’s interpretation.

Mental Model Studies in Computer Science Education

CS education research largely applies mental model theory to understand novices’
programming errors. Theoretically, a programming error is an instance in which a certain
feature of a program deviates from that of a correct program. However, programs as
functional entities cannot be simply compared line by line for surface differences. There
are deep structural differences that need to be identified and explained (Spohrer & Soloway,
1986; Youngs, 1974). Therefore, researchers consider the programmers’ mental structures
and processes in order to better characterize and categorize programming errors.

In a widely accepted categorization scheme, programming errors are categorized
into five types based on the “level of understanding needed to correct the errors” (Youngs,
1974, p.363): clerical, syntactic, semantic, logical and stylistic or discursive (du Boulay &
O’Shea, 1981; Soloway & Ehrlich, 1984). Clerical errors refer to typographical errors and
other unintended actions. Syntactic errors refer to mistakes in syntax usage. Semantic
errors, now frequently referred to as runtime error, are syntactically correct but impossible
or contradictory commands. Logical errors occur when a syntactically and semantically

correct program does not fulfill the purpose of solving a target problem due to designing or
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planning failures. Lastly, stylistic or discourse errors are identified when a coding style
violates the standard or convention of the programming community.

Among these, failures of recall or the limitations of working memory cause clerical
and syntactic errors (Anderson, Farrell, & Sauers, 1984). Stylistic or discursive errors are
attributed to lack of socialization into the programming community (Soloway & Ehrlich,
1984). Semantic errors and logical errors are considered the most difficult to remediate,
because they are attributed to novices’ poor understanding of programming constructs or
problems and represented as maladaptive mental models (Youngs, 1974). As computer
science educators are most concerned with these two fundamental errors, mental model
studies are prevalent in the computing education literature (e.g., Ben-Ari, 1998; Ma,
Ferguson, Roper, & Wood, 2011; Pea, Soloway, & Spohrer, 1987).

Mental Models of Recursion

Researchers conceptualize mental models of recursion differently in terms of the
scope of target domains. In programming, the problem and the machine are two distinct
domains, and programmers have mental models for each domain respectively (Isbell et al.,
2010). Only a few researchers focus on the problem domain, or problem interpretation
(e.g., da Rosa, 2007; Levy, 2001). More researchers concentrate on the machine domain, or
the computational mechanism (e.g., Gotschi et al., 2003; Kahney, 1983; Mirolo, 2010;
Sanders et al., 2006; Scholtz & Sanders, 2010). However, other studies do not distinguish
between the two domains or their associated mental models (Bhuiyan, Greer, & McCalla,
1994; Conway & Kahney, 1987; Ginat, 2004; Pirolli & Anderson, 1985; Vilner et al., 2008;
diCheva & Close, 1996).

For instance, loop model, frequently found among novices, consists of a maladaptive
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mental model of the execution mechanism for recursive functions and a maladaptive
mental model of a given problem (Bhuiyan et al., 1994; diCheva & Close, 1996). Students
first misinterpret essentially recursive problems as governed by iterative rules thus
mistakenly formulate iterative solutions. Meanwhile, they also misconceive recursion as a
looping construct and suitable to express the iterative solutions. Unfortunately, such
composite conceptualization hinders in-depth investigation of both, because it masks the
essential differences between the two mental models (Young, 1983) and the mechanism
that underlies their asynchronous development (Mirolo, 2010). In the current study, the
mental models of recursion solely refer to mental models of the execution mechanism for
recursive functions.

Researchers commonly use evaluation tasks to elicit participants’ knowledge of
recursive function. Typically, participants read given recursive functions, predict outputs
for given inputs, and explain the processes in the form of trace (e.g., Gotschi et al., 2003),
through which they arrive at their answers. Some researchers also interview participants to
explore or clarify their thought processes (Scholtz & Sanders, 2010). Participants’
responses are analyzed to differentiate qualitatively different understandings of recursive
function. Although proposed mental model categorizations slightly vary by coding
schemes and specificity, overall they exhibit high levels of convergence described below.
Looping Model

Model profile. The looping model (Gotschi et al., 2003; Kahney, 1983) refers to a
view of recursive function as a looping construct. Specifically, this model involves a
flawed execution mechanism. New parameter values are generated by operations before or

within a recursive call. When the recursive call is reached, evaluation restarts from the first
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line of the function with the new parameter values, overriding the old ones. This procedure
goes on until the base case is reached; then evaluation continues to other operations after

the recursive call. A typical trace associated with the looping model, as shown in Figure 2,
is characteristic of a sequence of function restarts with new parameter values at the active

flow, stop of the flow at the base case, and no passive flow (Go6tschi, 2003).

factorial (3)
3% factorial (2)
2% factorial (1)
1* factorial (0)
return: 1

Figure 2. A looping trace of the factorial function with an input of 3.

Associated misconceptions. In analysis of the looping model’s structure, some
researchers assert a general underlying misconception that a recursive call is a looping
construct (Kahney, 1983; Kurland & Pea, 1985). Others propose one or more specific
misconceptions that give rise to the looping model. For example, the looping model may be
a product of repeatedly applying a specific misconception that the recursive call signals
execution process to jump to the start of the procedure (Leonard, 1991). It may also be
attributable to a misconception that the base case is a stopping condition for the execution
process (Gotschi, 2003; Segal, 1995) or a misconception that the recursive call is a static
segment of program code (George, 2000b) or a single object (Gotschi, 2003). Further,
variants of the looping model are attributed to combinations of several misconceptions
(diCheva & Close, 1996): 1) the command STOP—a language-specific command in Logo
programming language—stops recursive procedure; 2) the command STOP stops overall
execution; 3) the computer takes a variable as a non-changing construct throughout

execution; 4) a variable is assigned with a new value by an operation; 5) a variable is
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assigned with new value at each newly initiated procedure; 6) the initial value of a variable
is maintained for the tail-block.

Frequency and persistence. The looping model is common among novices. Kahney
(1983), for example, reports that 53% of the 30 participants trained briefly in SOLO
programming exhibited the looping model. Bhuiyan, Greer, and McCalla (1990) also
report that all 6 participants in their study exhibited the looping model immediately after
their first lecture on recursion. Fortunately, the looping model usually becomes less
frequent as participants receive more training. The 6 participants in Bhuiyan et al.’s (1990)
study started to abandon the looping model two weeks after the first interview. However, a
minority of participants persistently exhibit this model even after substantial training.
Sanders et al. (2006) and Scholtz and Sanders (2010) report that an average of 8% (ranging
from 0% to 19%) of participants from seven different cohorts (average n=136) exhibited
the looping model in evaluating various recursive functions in tests near or at the end of
semester. Mirolo (2010) reports that less than an average of 8% (ranging from 0% to 20%)”
of participants from two cohorts (n;=45, n,=50) exhibited the looping model in evaluating

two different recursive functions in final exams.

> Mirolo (2010) creates a category called other models to include the looping model and
several other models and reports that 0%, 2%, 10%, 20% of the participants were
categorized as holding other models.
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Active Model

Model profile. The active model (Gotschi et al., 2003), also called the forward model
(Mirolo, 2010), is a slightly incomplete view of recursive function. In this model, recursive
calls do trigger new instantiations and suspend unfinished operations. The newly generated
parameter values are used in the new instantiations rather than overriding the previous ones.
The active flow is carried out without any problem. However, once the base case is reached,
the result is obtained by finishing suspended operations all at once without a passing return
through each instantiation (G6tschi, 2003). Figure 3 illustrates a trace representing the

active model.

factorial (3)

3% factorial (2)

3% 2% factorial (1)

3% 2% 1* factorial (0)
3% 2% 1* 1

6

Figure 3. An active trace of the factorial function with an input of 3.

Associated misconceptions. There are two explanations for the active model
(Gotschi, 2003; Gotschi et al., 2003; Sanders et al., 2006). First, students who exhibit the
active model may actually understand the recursive process but do not show the trace
representing the passive flow because some recursive functions simply pass returned
values to previous instantiation without processing the values. Second, the students do not
understand the passive flow. However, an examination of the sample trace representing the
active model (Go6tschi, 2003) shows that the students mistakenly processed operations in
the instantiated head-blocks before the base case is reached. Although this mistake does
not lead to a wrong answer, it indicates a misconception of the execution

mechanism—specifically the suspension of operations for delayed processing. Thus, if the
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sample trace does represent students’ performance, the possibility that students understand
the recursive process should be disregarded.

Frequency and persistence. The active model is typically found only in students’
evaluation performance near or at the end of a course. However, it appears to be more
persistent than the looping model. Sanders et al. (2006) and Scholtz and Sanders (2010)
report that varying proportions of participants from the seven cohorts (average 20%,
ranging from 3% to 48%) exhibited the active model in evaluating different types of
recursive functions. Similarly, Mirolo (2010) reports that a varying proportion of
participants from the two cohorts (average 4%, ranging from 0% to 11%) exhibited the
active model in evaluating two different recursive functions.

Copies Model

Model profile. The copies model of recursive function, which characterizes expert
knowledge of recursion, refers to a view of recursive function as “a process that is capable
of triggering new instantiations of itself, with control passing forward to successive
instantiations and back from terminated ones” (Kahney, 1983, p. 235). Other researchers
use synonymously the term stack model (Bhuiyan et al., 1990) or sound model (Mirolo,
2010). According to Gotschi’s (2003) coding scheme, students’ traces must demonstrate
these three features: copies of function instantiations at the active flow, a switch of flow
direction at the base case, and the copies of function instantiations at the passive flow.

Figure 4 shows a trace of factorial function that exemplifies the copies model:
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factorial (3)

3* factorial (2)

3* 2% factorial (1)

3* 2% 1* factorial (0)
3% 2% 1~* return: 1

3% 2% return: 1

3% return: 2

return: 6

Figure 4. A copies trace of the factorial function with an input of 3

Frequency and persistence. Students hardly construct the copies model immediately
after introduction of recursion. Kahney (1983) tests students with a function evaluation
task immediately after an introduction of recursion. Only 1 of the 30 participants
developed the copies model as shown in his/her responses. Many students are able to
develop this model after substantial training. Sanders et al. (2006) and Scholtz and Sanders
(2010), for example, show that a large but varying proportion of participants (average 51%,
ranging from 26% to 84%) from the seven cohorts in their studies exhibited the copies
model. Similarly, Mirolo (2010) reports that 58% to 76% of participants from two other
cohorts exhibited the copies model. Unfortunately, the copies model exhibited in students’
evaluation traces may not be generalized to full mastery of the copies model. Scholtz and
Sanders (2010) demonstrate that while many students (28% to 55%) exhibited the copies
model in their evaluation traces, only a few of them (8%) were able to describe in plain
language the execution process of a given function, and none of them correctly described
the general execution mechanism of recursive functions.
Other Models

Several other mental models also exist in small proportions. The step model (Gotschi

et al., 2003), also called the do-it-once-more model (diCheva & Close, 1996), involves a

misconception that the recursive call triggers execution of the head-block for only one

www.manaraa.com



28

more time. The return value model involves the misconception that every instantiation
returns a value and these values are later combined into the solution (G6tschi et al., 2003;
Sanders et al., 2006). A magic or syntactic model refers to the interpretation of recursive
functions with some ideas of the syntactic elements indicative of recursive behavior but not
a clear view of how the function accomplishes a goal (Gotschi et al., 2003; Kahney, 1983).
The algebraic model refers to interpretation of recursive function as algebraic problems
(Gotschi et al., 2003; Kahney, 1983). The odd model refers to interpretation of recursive
function with idiosyncratic ideas about some features of recursive functions (Gdotschi et al.,
2003; Kahney, 1983). Lastly, the null model refers to the belief that a procedure cannot be
used within itself, and the computer will reject the procedure (Kahney, 1983). Because
these mental models are attributable to misconceptions of prerequisite concepts such as the
value return mechanism or misconceptions of general computational process, they will not
be the focus in this study.
Stability of Mental Models of Recursion across Tasks

Many studies have found that mental models and associated misconceptions
manifest themselves inconsistently across task situations. Gotschi (2003), for example,
reports that 59% of the participants (n = 169) exhibited different mental models in
evaluating different recursive functions. Sanders et al. (2006) also report that half of the
participants who exhibited the copies model (ncopics = 95) in one question moved back to
the active model or even the looping model in another question. A study with younger
students (10 to 14 years old) shows that some participants even exhibited different mental
models in evaluating very similar functions. Further, several studies indicate that

percentages of students categorized as exhibiting the copies model vary by the type of
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functions presented (Mirolo, 2010; Scholtz & Sanders, 2010; Segal, 1995). In addition,
inconsistency may even occur within a single reasoning episode as shown in Segal’s (1995)
analysis of one participant’s think-aloud protocol.

Despite the prevalence of this phenomenon, the literature is limited in analyzing the
underlying factors and explaining the mechanism of influence. An extended analysis of the
literature that reveals multiple potential factors including task requirement, task order,
function complexity, parameter type and call structure. For each factor, existing
explanations are reviewed and critiqued or elaborated in the sections below.

Effect of Task Requirement

Task requirement refers to specific actions that students are required to perform in a
task. To elicit students’ knowledge of recursive function, a test may require them to trace a
function with given inputs (e.g., Gotschi et al., 2003), predict outputs of a function with
given inputs (the students may or may not trace the function; e.g., Kahney, 1983), evaluate
the correctness of a function without tracing it (e.g., Kahney, 1983), describe in natural
language the execution process of a specific recursive function (e.g., Scholtz & Sanders,
2010), or describe in natural language the general execution mechanism of recursive
function (e.g., Scholtz & Sanders, 2010).

Difterent task requirements appear to influence the manifestation of mental models.
For example, George (2000b) reports that students were much more likely to demonstrate
the copies model when they were allowed to trace function execution using diagrams than
when they were required to mentally evaluate the functions. Many students admitted that
they mostly relied on tracing to understand recursive functions. In the same vein, Scholtz

and Sanders (2010) report that while a majority of students (45% to 68% for three functions,
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n=123) exhibited the copies model in tracing recursive functions, only a few (8% of a
subsample, n=118) exhibited the copies model when asked to describe in plain language
the execution process of a specific function. Moreover, none of them showed solid mastery
of the copies model when asked to describe in plain language the general execution
mechanism of recursive function. They either did not mention the passive flow in their
responses or incorrectly stated that execution would be terminated at the base case.

Despite its significant influences on performance, there is little theory to explain task
requirement effects. George (2000b) simply concludes that students need to use
diagrammatic trace to aid their evaluation of recursive functions. Scholtz and Sanders
(2010) argue that students use the tracing method in a mechanical manner without real
understanding of recursive function. However, these conclusions contribute little to
understanding of the phenomenon.

Effect of Task Order

Order of task presentation also appears to be influential. In Segal’s (1995) study,
none of the participants who evaluated the number function first (n=17) exhibited the
base-case-as-stopping misconception, whereas 25% of the participants who evaluated the
string function first (n=16) did. Segal explains that the number-first participants developed
a sound strategy in evaluating the number function and then transferred the strategy in
evaluating other functions, whereas the string-first participants developed a unsound
strategy and then transferred to other functions.

Effect of Function Complexity
Function complexity refers to degree of complexity due to the quantity and

configuration of components in a function. Data presented in several studies suggest that
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function complexity accounts for the variance in mental model manifestation. For example,
participants in Mirolo’s (2010) study were more likely to exhibit the copies model when
evaluating a linear function (67 of 88 participants) than evaluating a tree function (49 of
the same 88 participants). The linear function involved two number parameters and two
recursive calls—one tail call and one prefix-only call. The tree function, more complex
than the linear function, involved two string parameters and three recursive calls—one tail
call and two mutually tied calls. Similarly, Scholtz and Sanders (2010) found that the
copies model manifested more frequently for a list-multiplication function (64 of 123
participants) and a list-summation function (68 of the same 123 participants) than for a
sum-of-list-powers function (35 of the same 123 participants). The list-multiplication and
the list-summation functions both only contain one head-block-only call, while the
sum-of-list-powers function involves two recursive sub-functions, one of which contains a
prefix-only call and the other contains two mutually tied calls.

As shown in Table 1, these data suggest that the more complex the function, the less
likely the participants are to exhibit the copies model. However, the functions paired for
comparison differ in multiple task features. For example, the linear function and the tree
function (Mirolo, 2010) differ in parameter type, number of recursive calls, and call
structure. Thus, it is difficult to isolate any single task feature as solely responsible for the

manifestation of mental models.
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Table 1
Task features of the recursive functions used to test participants in two previous studies
(Mirolo, 2010, Scholtz & Sanders, 2010)

References Function 1 Function 2

“linear” “tree”
Mirolo (2010) 2 number parameters 2 string parameters
n=88 1 tail call 1 tail call

1 prefix-only call 2 mutually tied calls

“list multiplication” “sum of list powers”
Scholtz & Sanders (2010) “list summation” 2 sub-functions
n=123 1 list parameter 1 prefix-only call

1 head-block-only call 2 mutually tied calls
Function complexity Relatively low Relatively high

Note. In both studies (Mirolo, 2010; Scholtz & Sanders, 2010), function 2 appears to be
more complex than function 1 on the basis of parameter type, number of recursive calls,
and call structure.

When participants do not exhibit the copies model consistently across tasks, they are
most likely to use the active model or the looping model. Gotschi et al. (2003) and Sanders
et al. (2006) show that of participants exhibiting the copies model when evaluating a
recurrence relation function, only 37% to 48% continued to apply it when evaluating a
list-manipulation function, 13% to 35% changed to the active model, 17% to 33% to the
looping model, and 0% to 17% to other models (e.g., magic, odd, etc.). Thus, students may
hold multiple mental models and select the best match for the task at hand, even if the
models themselves entail substantial misunderstandings of the execution mechanism
(Gotschi et al., 2003; Sanders et al., 20006).

The role of individual task features, however, may provide an alternative explanation.
The recurrence-relation function and the list-manipulation function differ in two ways.
First, the former has a number parameter, while the latter has a list parameter. Second, the
former has a prioritized prefix-and-suffix call, while the latter has a head-and-prefix call.

The prioritized prefix-and-suffix number function appears to predominately induce the

copies model, whereas the head-and-prefix list function appears to induce various mental
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models without an emphasis.

These particular task feature configurations, however, complicate the function
complexity hypothesis. The list parameter is more complex than the number parameter due
to number of elements involved. The prioritized prefix-and-suffix call is more complex
than head-and-prefix call in terms of structural configuration. Thus, the two functions have
task features with opposing degrees of complexity (see Table 2). In accordance with the
function complexity hypothesis, the parameter type may predominately affect the
manifestation of mental models, overriding the effect of call structure. Alternatively, other
mechanisms may govern this effect, particularly when function complexity is below

certain threshold.

Table 2
Mental model manifestation in evaluating two recursive functions
References Recurrence-relation function List-manipulation function

37% copies model

Gotschi et al. 13% active model

o .
512093177 100% copies model 33% looping model
CoPIes 17% other models
5 .
Sanders et al. ;‘2(2 Zzgi/eesnn:s;:ll
(2006) 100% copies model 17% looni del
n 295 o looping mode
copies 0% other models
Function 1 number parameter < 1 list parameter
complexity 1 prioritized prefix-and-suffix call > 1 head-and-prefix call

Note. Participants who exhibited the copies model when evaluating the recurrence-relation
function shifted to other models when evaluating the list-manipulation function (G6tschi et
al., 2003; Sanders et al., 2006).

Effect of Parameter Type
Parameter type refers to the general data type (e.g., number, list, and string) used for
the parameters of a function. A majority of students correctly evaluate number functions
while a minority evaluates list functions correctly (Gotschi, 2003). Gétschi offers two

explanations: (1) lists are more difficult to manipulate than numbers because lists contain
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multiple elements; (2) extra list-related commands add complexity to evaluating recursive
functions. However, examination of the study data reflects differences between the number
and list functions beyond parameter type, introducing the possibility that other factors
contribute to the selection and application of the problem solving strategy (see Table 3).

Table 3
Task features of the recursive functions used to test participants in Gotschi’s (2003) study

Percentage of participants
Functions who correctly evaluate the  Task Features
function

1 number parameter

. . .
Number function | T2 t0 7T 1 head-block-only call
Number function 2 45% to 62% 1 number parameter

2 mutually tied calls

2 sub-functions
List function 1 25% to 27% 1 list parameter

1 number parameter

1 nested call
List function 2 25% to 36% 1 list parameter

1 embedded & prioritized call

Note. Task features of the recursive functions used to test participants in Gotschi’s (2003)
study vary by multiple dimensions including parameter type, number of parameters,
number of recursive calls and call structure.

Only one study examines the effect of parameter type with these potential
confounding factors controlled. In this study (Segal, 1995), 33 participants evaluated three
structurally similar embedded recursive functions with different parameter types (i.e.,
number, list, and string). Sixty-four percent of them correctly evaluated the number
function, whereas only 36% and 39% correctly evaluated the list function and string
function, respectively. Participants’ correct evaluation indicates that they exhibited the
copies model, because only the copies model is productive for evaluating embedded
recursion.

Segal (1995) explains that in familiar domains such as number, students are able to

contemplate unprocessed operations in instantiated recursive cases in their entirety. This
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holistic view enables students to employ a sound evaluation strategy, which delays
processing of the operations until all recursive cases are fully instantiated. In unfamiliar
domains such as list and string, students have not developed this holistic view of
unprocessed operations, thus they tend to employ an unsound evaluation strategy which
immediately processes operations before instantiation of all recursive cases.

Although Segal (1995) did not publish the raw data (i.e., a cross-tabulation of
parameter types and evaluation strategies) that might support her view, her domain
familiarity hypothesis is plausible given the substantial body of mathematics education
literature positing that through learning students become able to contemplate elements and
operations in a mathematical process as a single mathematical object (Sfard, 1991).

Effect of Call Structure

Call structure refers to the configuration of a recursive call in terms of prefix, suffix,
head-block, tail-bock, and other features. No study has systematically examined the effect
of call structure, although data presented by Sanders et al. (2006) suggest an eftect of call
structure on the manifestation of mental models. In that study, two cohorts of participants
evaluated the list-manipulation function and two others evaluated the list-calculation
function in their class tests. Assuming that the four cohorts are equivalent samples, the data
suggest that substantially more participants exhibited the copies model in evaluating the
calculation function than in the manipulation function. Many participants regress from the
copies model to the looping or active model when the task switches from the former

function to the latter function (see Table 4).
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Table 4
Mental model manifestation in evaluating two recursive functions among four cohorts of
participants (Sanders et al., 2006)

Copies Looping Active  Other

Cohort Yr N model model model models
List Manipulation 2002 139 26% 14% 25% 35%
(head-and-prefix call) 53 127 37% 13%  31%  20%
List Calculation 2004 153 73% 0% 5% 22%
(prioritized
prefix-and-suffix call) 2005 101 64% 0% 10% 26%

Note. Assuming that the four cohorts are equivalent samples, participants are more likely to
exhibit the copies model when evaluating the list-manipulation function than when
evaluating the list-calculation function.

The only difference between the two functions is the call structure. The
list-manipulation function has a head-and-prefix call, while the list-calculation function
has a prioritized prefix-and-suffix call in which the prefix operations have priority over the
suffix operations. The prioritized prefix-and-suffix call appears to predominately induce
the copies model, whereas head-and-prefix call appears to induce various mental models
without an emphasis (under the assumption that the participant cohorts are equivalent).

The puzzling point of this result is that the seemingly more complex function (i.e.,
function with a prioritized prefix-and-suffix call) appears easier to evaluate than the
seemingly less complex function (i.e. function with a head-and-prefix call). This result,
however, clarifies the finding discussed in the previous section. That is, the number
function with a prioritized prefix-and-suffix call (i.e. the recurrence-relation function) is
more likely to induce the copies model than the list function with a head-and-prefix call (i.e.

the list-manipulation function). The counterintuitive effect of call structure identified here

suggests that both task features may influence mental model selection similarly.
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Reconsidering Mental Model
In summary, existing explanations for the instability of mental models do not
account for the available data related to learning recursion, and no single explanation exists
to accommodate the effects of various factors. This lack of a parsimonious explanation
suggests a need to reconsider the nature of mental models as applied in CS domains.
Specifically, misconceptions—the assumed components of maladaptive mental
models—may not exist as unitary and stable mental structures. Instead, their manifestation
may be explained by other underlying mental structures or processes.
Knowledge in Pieces Theory
The knowledge-in-pieces theory offers an alternative account of conceptual change
(diSessa, 1983; 1988; 1993). The contemporary dominant view holds that conceptual
change occurs when misconceptions® are confronted and replaced (e.g., Clement, 1982;
McCloskey, 1983). In contrast, the knowledge-in-pieces theory posits that conceptual
change occurs when small, isolated knowledge elements, which underlie the observed
misconceptions, are organized into knowledge clusters that are productive in problem
solving (diSessa, 1993).

One learning phenomenon explained by the knowledge-in-pieces theory is that

* Also known as preconceptions (Clement, 1982; Glaser & Bassok, 1989), alternative
conceptions (Hewson & Hewson, 1984), alternative frameworks (Driver & Easley, 1978),
and naive theories (McCloskey, 1983; Resnick, 1983).
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novices’ interpretations of physical events are often inconsistent across situations governed
by the same principle (diSessa, 1993). This phenomenon is analogous to the observations
made above on the mental models of recursion. That is, task features such as the call
structure of recursive function appear to have a systematic influence over which mental
model introductory CS students may exhibit. Thus, the knowledge-in-pieces theory may
shed light on this unexplained phenomenon in learning recursion.

According to the knowledge-in-pieces theory (diSessa, 1993), intuitive knowledge
of mechanics comprises of a large number of phenomological primitives (p-prims), which
are small, intuitive knowledge elements derived from experiences of common physical
phenomena. A p-prim is activated by its designated contextual configuration, which is
specified by previously activated knowledge elements such as sensory schemata or other
p-prims. The likelihood of a p-prim to be activated by a contextual configuration is referred
to as cuing priority. P-prims are self-explanatory, affording explanation and prediction of
physical phenomena without the need to be further justified. Thus, students can quickly
generate intuitive interpretations of a given physical event. For example, when people see
someone kicking a ball, they can immediately predict the ball’s motion due to activation of
a p-prim called “force as a mover” (diSessa, 1993, p.129).

In a naive knowledge system, p-prims are the main components, and symbolic
schemas (e.g., scientific concepts and principles) are largely absent. Each p-prim is
responsible for its own specific contextual configuration, and activation of one p-prim
rarely spreads to others. Even if activation spreading does occur, it usually remains local
and revolves around the initial p-prim due to its high reliability priority. Thus, a slightly

changed situation may activate a different p-prim or a few clustered p-prims, resulting in an
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interpretation inconsistent with the previous one. For example, when people see the ball
slowing down, they explain that all moving objects eventually stop due to activation of a
p-prim called “dying away” (diSessa, 1993, p.133) and fail to consider the notion of force
which applies to both the initiation of the ball’s motion and its return to a state of rest. In
sum, different problem situations give rise to different contextual configurations which, in
turn, activate different p-prims. As a result, students form discrepant interpretations of
conceptually equivalent scenarios.

As people learn physics, symbolic schemas (e.g., Newton’s laws) gradually enter
their knowledge systems through explicit learning and interact with p-prims to generate
complex mental processes (Hammer, Elby, Scherr, & Redish, 2005; Thaden-Koch,
Dufresne, & Mestre, 2006; diSessa & Sherin, 1998). Ideally, productive symbolic schemas
should be directly activated in their designated circumstances to generate scientific
solutions. However, p-prims are always activated first due to their high cuing priorities.
The activated p-prims change the original context and reprioritize knowledge elements in
the system. In some cases, the original context is malleable to the extent that the active
p-prims substantially change it to favor maladaptive schemas or other p-prims. In other
cases, the original context is robust enough to limit the influence of the active p-prims and
to maintain the high priority of the normative schemas.

For example, placing a hand on a spring evokes the Ohm’s p-prim, which refers to
“an agent or causal impetus acts through a resistance or interference to produce a result”
(diSessa, 1993, p.217). The activated Ohm’s p-prim necessitates the source of resistance, a
contextual configuration that easily cues the springiness p-prim in this particular

hand-on-spring situation. The springiness p-prim, or “deformation with consequent
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development of restoring force” (p.134), then justifies the existence of force from the
object, a contextual configuration that cues the Newton’s third law (Clement, 1993). In
contrast, pushing a rigid and heavy object also evokes the Ohm’s p-prim. However, in this
rigid-and-heavy-object situation, the Ohm’s p-prim cues the intrinsic resistance p-prim
instead, which terminates the interpretation without reference to springiness or Newton’s
third law (diSessa, 1993). In short, different problem situations shape p-prim-generated
contextual configurations differently so that they cue different knowledge elements and
produce different interpretations.

Compared to novices, experts often interpret physical events consistently using the
underlying scientific principles. In an expert knowledge system, activation of a p-prim
rapidly and consistently spreads to a cluster of knowledge elements, a coordination class,
which manifests formal knowledge including scientific principles (diSessa & Sherin,
1998). Activation of the formal knowledge in turn shapes the contextual configurations of
the initial p-prim and other knowledge elements in the activation sequence, changing their
functions in the cognitive process. P-prims in a well-developed coordination class, for
instance, only serve as heuristics cues to formal knowledge instead of affording
interpretations independently. The formal knowledge orients both conceptual and
perceptual schemas to extract the essential information from a situation. Thus, superficial
differences between problem situations do not influence experts’ interpretations as they do
to novices’.

In summary, the knowledge-in-pieces theory provides plausible explanations for
novices’ inconsistent interpretations across problem situations. These explanations may

inform the investigation of the similar phenomenon in learning of recursion. That is,
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students often exhibit different mental models of recursion in superficially different
problem situations.
A Possible P-Prim: Re-analysis of Existing Data

Preliminary analysis of existing data demonstrates the utility of the
knowledge-in-pieces theory and indicates the initial profile of a possible p-prim. Three
main attributes of p-prims are used in the analysis per diSessa (1993): First, p-prims are
self-explanatory, thus a sense of intuitive obviousness and satisfaction should exhibit in
students’ think-aloud or interview data. Second, p-prims are functional, thus they should
serve the students well in many cases rather than causing problems all the time. Third,
p-prims are sensitive to contextual configuration, thus when students change ideas there
should be corresponding contextual change. In relation to the third attribute, features of a
task shape p-prim-generated contextual configurations, which in turn reinforce or suppress
the p-prim’s activation. To summarize this effect of task features on the operation of p-prim,
I propose a construct called situational constraint to refer to the extent to which task
situations prevent a p-prim from operating in inappropriate circumstances.

Erratic Performance within a Single Task

The first data source is drawn from think-aloud protocols presented by Segal (1995).
One participant evaluated a function which takes any numeric input » to generate (2*n -1)
lines of stars, with the number of stars on each line decreasing from n to 1 and then
increasing back to n. This function is written:

hn = starsl++“\n”, if n=1
= starsn++“\n”++h(n-1)++starsn++“\n”, otherwise

In this function, /# denotes the function name, n denotes the parameter, starsn means

to print n number of stars, ++ means to append lists, and “\n” means to generate a new line.
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The correct evaluation and output of /43 using the substitution method is:
h3 = stars3++“\n”++h(2)++stars3 ++ “\n”
= stars3++"\n”++ (stars2++“\n”"++hl++stars2++“\n")
++stars3++“\n”

= stars3++“\n”++ (stars2++™\n”"++ (starsl++“\n")

++stars2++“\n”) ++stars3++“\n”
* k% %

* %

* %

* Kk k

The participant, however, gave an incorrect answer, which generated:

* Kk %

* %

Segal (1995) attributes this response to the participant’s misconception that the base
case is the stopping condition for the recursive function. She also notes that this
misconception manifests inconsistently during the participant’s thinking process. When the
participant instantiates the first recursive call, he appears to understand that the suspended
operations should be carried out after evaluation of the base case. However, when he
eventually completes the evaluation of the base case, he unexpectedly abandons those
suspended operations. Moreover, this mistake is not due to carelessness, as he
double-checks and confirms his evaluation process.

Further analysis, however, reveals that operation of an intuitive idea may account for
the inconsistent manifestation of the misconception. Figure 5 presents each idea that the
participant voiced during the think-aloud session with the corresponding elements in his
trace and output. This representation of the data segments the think-aloud protocol into
structurally and functionally similar units. Each unit contains an external stimulus, an idea

associated with the stimulus, and a result generated by the operation of the idea.
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Trace h(3) = stars3 ++ “\n” ++ h(2) ++ ...
—

et
Think-aloud | 1) What 2) —and 3) Then || 4)—before it gets to the
protocol we're thenit’s ||it’s end of the output on this
| adding here || going to a || recalling || line —so basically it’s
is 3 stars- new line, || itself- recalling itself before it’s
executed this part.
g e \:/...'
*F X T h(2) = stars2 ++ “\n” ++ h(1) ++ ...
e y, i ) I~
< 5) ...ah1 see what it’s
* < e -———___ || doing — plus new line,
N ) |- 1] sowe’re backon a
P new line again,
Outpu\f\ :
NN T v

h(l) = starsl ++ “\n”
—

. | ©) plus 7) —and it 8) —it never gets to that stuff —I'm
°|stars 1.so | bombs out- || still checking it...never actually
it’s that executes those — by the look of it.
plus new
line-

Figure 5. Representation of participant TS's think-aloud protocol presented in Segal's
(1995, p.398) study

This participant’s thinking process can be further simplified by extracting the
essence of each idea. As shown in Figure 6, every idea can be simplified to “(the computer
will) do this (and the result is...).” This idea appears to be self-explanatory to the
participant as he smoothly traces through all the programming operations without
rationalizing or explaining them. Particularly, when he reaches the base case, he instantly
asserts that “it bombs out” (Segal, 1995, p.399). Nevertheless, this idea is largely
functional as the participant correctly evaluates most of the operations. Were the function a
tail-recursion, he might have reached the correct answer using this idea. Further, this idea is
sensitive to context. The participant initially decides that the computer would carry out the

suspended operations but soon abandons this idea and even considers the suspended
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operations as a “red herring” (Segal, 1995, p.399) according to a follow-up interview. It
appears that the base-case assertion changes the contextual configuration of the suspended
operations. As a result, the “(the computer will) do this (and the result is...)” idea
deactivates and the “red herring” schema activates and supplies a plausible explanation for

the suspended operations.

h(3) = Stars3 kb S\n* b h(2) bt o
\~~s
_______ _——
Do this Do this || Do thﬁ! Do this (later) !
* K * e R AR A s R R RS e R A S e e B et : TTTTTTTTTTT
s B2y = stars?2 1 “\n% it B(l) +F ...

* K v~ —
% Do thisﬁ Do this4| Do thﬁ! Do this (later) :
L I

L h(l) = starsl ++ “\n”

- 7N
Do thisﬁ Do this4‘ : No more to do :
e e e e e I

Figure 6. Participant TS's thinking process (Segal, 1995, p.398) simplified by extracting
the essence of each idea

All the characteristics indicated above point to the possibility that the “do this” idea
is a p-prim, which may offer an alternative explanation for the participant’s erratic
performance. That is, the “do this” idea is activated by the contextual configuration that
comprises symbols representing programming operations. No exception occurs even when
he reaches the suspended operations on the first trace line, as he clearly notes that the
computer will carry out those operations later. This particular contextual configuration (i.e.,
symbols representing programming operations) vanishes as no further operation is present
after the last operation (i.e., “\n”). Thus, the participant decides that the computer has no

more to do. His reasoning is a product of consistently and sequentially applying the “do
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this” idea to each individual operation and appears to be flawless from his point of view.
Therefore, it is unnecessary to assume that the participant has a misconception but applies
it inconsistently.

The characteristics of this function also contribute to the participant’s erratic
performance. In this particular problem situation, all individual operations (e.g., print three
stars or generate a new line) can be processed without the result returned by instantiation of
the recursive call. This characteristic imposes a very low situational constraint to the “do
this” idea, allowing it to freely function in inappropriate circumstances. If the operation
adjacent to the recursive call cannot be processed without the result returned by the
recursive call (e.g., operation 3+recursive call), application of “do this” to the operation
will be constrained until all recursive instantiations are evaluated. In sum, it is plausible
that the “do this” idea is a p-prim and operates differently in situations with different levels
of constraint.

Erratic Performance across Tasks

In the above review of factors influencing the manifestation of mental models, a
puzzling phenomenon emerges: the seemingly more complex functions are more likely to
induce the correct copies model than the seemingly less complex functions (e.g., Sanders et
al., 2006). However, when reformulated in terms of the “do this” idea, behavior changes in
response to different levels of situational constraint, providing a coherent account.

Effect of Call Structure

Students are more likely to exhibit the copies model in a list-calculation function

than in a list-manipulation function (Sanders et al., 2006). An examination of the call

structure of the two functions reveals that the list-calculation function has higher
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situational constraint to the “do this” idea than the list-manipulation function. As shown in
Table 5, the list-calculation function (Prc) has a prioritized prefix-and-suffix call. Both the
prefix operation “head(list) + and the suffix operation “(...)*3” (p.141) cannot be carried
out until the result of the recursive call is obtained. Thus, no processing would occur at
each instantiation during the active flow. All of the operations must be processed through
the passive flow of recursive process. Such a task situation inhibits the “do this” idea from
taking effect at the wrong time. As a result, students generate correct results and exhibit the
copies model.

In contrast, the list-manipulation function (Pyy) has a relatively low situational
constraint to the “do this” idea. It has a head-and-prefix call. “||” is the prefix operation
which cannot be carried out until the result of the recursive call is obtained. “2*head(list)”
is the head operation which can be carried out before instantiating the recursive call.
During evaluation, operation “||” can also become executable due to processing of the head
operation. The particular structure of this function loosens its situational constraint to the
“do this” idea. For instance, the mathematical operation “2*4” can be immediately carried
out to generate the result of “8”, and the list element binding operation “8||2” can be
immediately carried out to generate the result of list “8 2. Such behaviors are clearly

shown in traces which exemplify the looping model (see Table 5).
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Comparison of situational constraint between two recursive functions

list-calculation function

list-manipulation function

Pic(list)

if list is empty
then, return 1
else

(head (list) + Pic(tail(list)))

*3

Pyy(list)
if list is empty

then,

else

2*head (list) ||

return 1

Py (tail (list))

Looping trace:

Pe(2 1 3 1)

=(2+4Prc(1 3 1))*3

[impossible to carry out any operation]

Looping trace

Pu(4 1 3 5)

[carry out the following]

=(8 Pw(l 3 5)) ["2*47]
8 2 Pw(3 5)) [V2*17; “8]127]
8 2 6 Py(5)) [V2*37, %8 2]]6"]

(

(

(82610 Pwu())[N2*37,
(8 2 6 10 1)

“"826]]110"]
["8 2 6 10| 11"]

Copies trace:
Pre(2 1 3 1)
= (24P (1 3 1))*3
24 (14+Pc (3 1)) *3) *3
1+ (3+Pc (1)) *¥3) *3) *3

= (
=(2+(
=(2+ (1+ (3+ (1+Prc()) *3) *3) *3) *3
=(2+ (14 (3+(1+1) *3) *3) *3) *3
=(2+ (14 (3+2*3) *3) *3) *3
=(2+ (1+(3+6) *3) *3) *3
=(2+(1+9%3)*3) *3
=(2+(1+27)*3) *3
=(2428%3) *3
=(2+84) *3

=86*3

=258

Copies trace:
Pry(4 1 3 5)
=2*41 Py (1l 3 5)

=2*4 11 (2*1] [Pw(3 5))

=2%4 1 [ (2*1 11 (2*3] [P (5)))
=2%4 1 [ (2FT 11 (2*%3 11 (2*%5] [P ())))
=2*%4 1 [ (2*1 11 (2*3]1(2*5]111)))
=2*%4 1 [ (2*111(2*3]11(10111)))
=2*4 1 [ (2*111(2*3]1(10 1)))
=2*4 [ (2*111(6]](10 1)))
=2*4 || (2*1]](6 10 1))
=2*411(2]1(6 10 1))

=2*4||(2 6 10 1)

=8 2 6 10 1

Note. The list-calculation function imposes higher situational constraint to the “do this”

idea than the list-manipulation function does.

Effect of Parameter Type

Students perform better on a number function than on a structurally similar list

function (Segal, 1995). Segal hypothesizes that students more effectively contemplate

unprocessed operations in recursive instantiations as an entirety within familiar domains

(i.e., numbers) than in unfamiliar domains such as lists. Such ability leads the students to

employ the sound evaluation strategy, which delays processing of the operations until all

recursive cases are fully instantiated.

Segal’s (1995) domain familiarity hypothesis can be rephrased in terms of situational
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constraint. That is, the situational constraint to the “do this” idea is imposed by students’
prior knowledge of the relevant domain. If students are familiar with the domain, then it is
likely they are able to view a process involving unprocessed operations as an entire object.
Thus, they are comfortable leaving the unprocessed operations in recursive instantiations
as an entirety instead of attempting to process them. Such tendencies inhibit the “do this”
idea from operating at the wrong time. If students are unfamiliar with a domain, however,
they tend to process the individual operations in recursive instantiations as soon as they can,
due to their inability to contemplate them as an entire object. As a result, the “do this” idea
freely operates regardless of the timing.
Effect of Task Order

Students who first evaluate a number function outperform those who first evaluate a
string function (Segal, 1995). Given that the students evaluate the two functions
consecutively, it is possible that the high situational constraint in the number function
primes the number-first students (Tulving & Schacter, 1990) and raises the situational
constraint in the string function. The string-first students, primed with low situational
constraint in the string function, apply the “do this” idea more freely in evaluating the
number function.
Effect of Task Requirement

Students are more likely to exhibit the copies model when they are allowed to trace
recursive functions than when they are asked to mentally evaluate the functions (George,
2000b) or describe in plain language the execution process (Scholtz & Sanders, 2010).
Using external representation, students are able to externalize and maintain the

intermediate products generated by their mental operations. These intermediate products
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may in turn shape the contextual configuration and constrain the operation of the “do this”
idea.

For example, students may use diagrams to represent call instantiations and flow of
control (e.g., Troy & Early, 1992). The diagrams will maintain an overview of the
execution process and refrain students from applying the “do this” idea at the wrong time.
Therefore, it is possible that tasks requiring the usage of external representation impose a
higher situational constraint than tasks that do not require or permit external representation.

A Possible Instance of an Agentive Causality Meta-P-Prim

A meta-p-prim is the abstraction of many related p-prims. For example, many
p-prims in the domain of mechanics share the same causal syntax: an agent takes an action
on a patient to generate certain effect (diSessa, 1993). The Ohm’s p-prim involves some
agent exerting a variable effort against a variable resistance to generate a variable result.
The closely related “force as a mover” p-prim involves some agent exerts a directed violent
impetus on some object at rest to move it in a certain direction. In fact, the natural language
is largely framed in this syntax. In the sentence “a boy throws a rock into a pond”, the “boy”
agent takes the “throw” action on the “rock™ patient to generate the “into the pond” effect.
The four components—agent, action, patient, and effect—are always activated together. If
a situation only offers information for some components, the mind instantly generates
possible contents for other components. In the “a man kicks a ball” situation, with the agent,
action and patient known, the mind instantly proposes the effect “the ball will be rolling”.

The “(the computer will) do this (and the result is...)” idea has a syntactic structure
similar to that of the agentive causality meta-p-prim. The “(the computer will) do this (and

the result is...)” idea has the same four components and relations among the components.
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It is possible that this structural similarity is grounded in similar mechanisms. Although
reasoning in programming does not seem to rely on agentive experiences as reasoning in
physics does, it is reasonable to expect the existence of agentive thinking, because the
computer is often conceptualized as a surrogate of a human problem solver that processes
inputs to generate outputs on behalf of the programmer (e.g., Pea, Soloway, & Spohrer,
1987).

Although programming is notational and physics is physical, there is no inherent
cognitive difference between a notational object and a physical object (von Glasersfeld,
1995). In mathematics education research, for example, it is widely recognized that
mathematical concepts are object-like and subject to mental manipulations (e.g., Sfard,
1991). Given the representational existence of the agent and the patient (i.e., object) in the
domain of programming, it is possible that the “do this” idea is an instance of agentive
causality in understanding of recursive function.

Research Questions

As posed in Chapter 1, the research questions of this study are:

1. Do beginning CS students demonstrate reliance on identifiable p-prims when

trying to understand and apply recursion?

2. Ifthey do, what are the structures, relevant circumstances, functions, and effects

of these p-prims as they impact learning and performance?

As a consequence of the above analyses, it is reasonable to suspect that there exists a
p-prim in beginning CS students’ understanding of recursive function, which could be
referred to as a computer-as-agent p-prim: the computer (agent) processes (action)

operational instructions (patient) to generate results (effect).
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Such a p-prim would function in predictable ways that could be empirically
assessed. Patterns of performance on tasks embodying various levels of situational
constraint would reflect the varying hypothetical operation of such a p-prim in different
conditions. Also, patterns of explicit or implicit interpretation of a presented problem
would reveal the specific ways in which such a p-prim operates. These conjectures are
specified in the following quantitative hypotheses and qualitative suppositions.

Quantitative Hypotheses

As previously discussed, the higher the situational constraint, the less likely the
computer-as-agent p-prim will operate in inappropriate circumstances, leading to
appropriate manifestation of the copies model of recursive function. The lower the
situational constraint, the more likely the computer-as-agent p-prim will be to operate
independently, leading to inappropriate manifestation of other models of recursive function.
Extant literature suggests four possible sources of situational constraint: call structure,
parameter type, task order, and external representation. In this study, call structure and
parameter type are chosen to test the hypotheses because of their controllability.

In a recursive function with a prefix call structure (or suffix, prefix-and-suffix call
structure), application of the computer-as-agent p-prim on the prefix operation cannot be
completed without the result returned by the recursive call, which leads to natural
suspension of the current operation and anticipation of the result return. Thus, the prefix
call structure imposes a high situational constraint to the computer-as-agent p-prim,
preventing it from operating in inappropriate circumstances. By contrast, in a recursive
function with a tail call structure (or head, head-and-tail call structure), application of the

computer-as-agent p-prim on the tail operation would be readily completed by generating a
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local result, not concerning operation suspension at all. Thus, the tail call imposes a low
situational constraint to the computer-as-agent p-prim, allowing it to operate in
inappropriate circumstances. Accordingly, the first hypothesis is:

Hypothesis 1: Participants are more likely to exhibit the copies model when
evaluating a recursive function with a prefix call structure than evaluating a recursive
function with a tail call structure.

When evaluating a recursive function with number parameter, participants are able
to view a procedure with unprocessed operations as an object-like entirety due to
previously acquired mathematical competence. The computer-as-agent p-prim can be
applied to the entirety instead of the individual operations. As a result, participants are less
likely to process individual operations before all recursive calls are instantiated. Thus, the
number parameter imposes a high situational constraint to the computer-as-agent p-prim,
preventing it from operating in inappropriate circumstances. By contrast, in a recursive
function with a list parameter, the computer-as-agent p-prim cannot be applied to the entire
procedure due to unfamiliarity with the domain. Instead, participants will still tend to
process individual operations before instantiations of all recursive calls. Thus, the list
parameter imposes a low situational constraint to the computer-as-agent p-prim, allowing it
to operate in inappropriate circumstances. Accordingly, the second hypothesis is:

Hypothesis 2: Participants are more likely to exhibit the copies model when
evaluating a recursive function with a number parameter than evaluating a recursive
function with a list parameter.

Among four possible combinations of call structure and parameter type, a recursive

function with both a prefix call structure and number parameter would have a high
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situational constraint. A recursive function with a prefix call structure and list parameter or
a tail call structure and number parameter would have a medium situational constraint. A
recursive function with a tail call structure and a list parameter would have a low
situational constraint. Accordingly, the third hypothesis is:

Hypothesis 3: If participants exhibit the copies model in some but not all task
situations that represent four possible combinations of call structure and parameter type,
their successful performance will be clustered around tasks with higher situational
constraints. Performance patterns representing such trend should occur more frequently
than those contradicting it.

Qualitative Suppositions

Above all, the computer-as-agent p-prim must behave in accordance with the main
attributes of p-prims proposed by the knowledge-in-pieces theory. Thus, the
computer-as-agent p-prim should be self-explanatory, functional, and sensitive to
contextual configuration. These expectations are specified in the following suppositions:

Supposition 1: Interpretations generated by the computer-as-agent p-prim are
characteristic of a sense of intuitive obviousness and satisfaction.

Supposition 2: Interpretations generated by the computer-as-agent p-prim serve
participants well in many cases rather than causing consistent problems.

Supposition 3: Interpretations generated by the computer-as-agent p-prim are
sensitive to local context and are likely to change in response to local contextual changes.

Further, the computer-as-agent p-prim should serve different functions through
different coordination modes for participants with different levels of understanding of

recursive function. Deeper understanding of recursion would be reflected in the stability of
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their copies model. Thus, it is reasonable to expect:
Supposition 4: Stability of the copies model is associated with coordination mode.

The more coordinated the operation of the computer-as-agent p-prim, the more stable the

copies model will be.
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CHAPTER 3
METHOD

The research questions posed in this study are represented by a series of quantitative
hypotheses and qualitative suppositions regarding participants’ understanding of recursive
function. Moreover, the qualitative suppositions must be validated using data that reflect
multiple levels of understanding that are represented through quantifiable performance
scores. Thus, a mixed methods design was used. Specifically, an adapted two-phase
Explanatory Sequential Design for Participant Selection (Creswell & Plano Clark, 2007)
was implemented. In this model, as shown in Figure 7, quantitative data are collected and
analyzed first, then the results are used to purposefully sample participants for qualitative
data collection and analysis. Lastly, results from both the quantitative phase and qualitative

phase are analyzed in an integrated manner.
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QUAN. QUAN. | | QUAN.
Study 1. data |>| data 5| results.
collection. analysis.
i Integrated
J/ Analyses.
QUAL. QUAL. QUAL. QUAL.
Study 2. | participant |> data > data 5| results.
selection. collection. analysis.

Figure 7. An adapted two-phase Explanatory Sequential Design for Participant Selection
(Creswell & Plano Clark, 2007).

The two phases of data collection and initial analyses are organized into two studies.
Study 1 aims to test the three quantitative hypotheses previously proposed. Results
demonstrating participants’ levels of understanding of recursive function were used to
purposefully sample participants for Study 2. The second study sought to assesses the three
qualitative suppositions. In integrated analyses, assumptions underlying the three quantitative
hypotheses were validated using the qualitative data collected in Study 2, and finally results
from both studies were taken together to evaluate supposition 4.

Participants and Context

This study was conducted in the fall semester of 2011 in the Introduction to
Programming (CS1112) course in the School of Engineering and Applied Science at the
University of Virginia. Sixty students were enrolled in the class. Approximately 64% of them
were female, and 45% were ethnic minority. Compared to enrollment demographics in other
introductory programming courses in the university and nationwide, this course was
remarkably inclusive of historically underrepresented populations (Cohoon & Tychonievich,

2011). Seventeen of them were female, and ten were ethnic minority. They majored or intended
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to major in various disciplines including computer science, biology, engineering, commerce,
etc.

All the participants attended 75-minute course meetings on every Monday, Wednesday,
and Friday afternoon for 15 weeks. The course meetings consisted of lectures, pedagogical
activities, and in-class laboratory computing experiments. The programming environment
used in the course was DrJava, a simplified version of the Java development environment
specifically designed for programming beginners. The course instructor had over 20 years of
teaching experience in introductory programming courses and co-authored a popular textbook
on the design of Java programs (Cohoon & Davidson, 2006). The CS1112 course was designed
to recruit and retain students with diverse demographic background into the computing
community.

To this end, four pedagogical practices were implemented. First, computers were
available and used throughout all class meetings. Students brought in their own laptops or
borrowed from the instructor. Second, course materials such as problem examples were
selected based on students’ preferences. Third, careers in computing were discussed frequently
in the class. Fourth, an inclusive class culture was established and extended beyond the
classroom by encouraging interactions among students (Cohoon, 2007; Cohoon &
Tychonievich, 2011).

Prior to the course sessions on recursion, the students learned fundamental Java
concepts, object manipulation, control structures, problem solving strategies, and methods. On

the first course session of the 9" week, the instructor introduced recursion using the Fibonacci
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function, a selection sort problem, the factorial function, the greatest common divider problem,
and an ancestor count problem. He used the boxes representation (Goldschlager & A. Lister,
1982) to illustrate how to evaluate recursive functions. At the end of the course session, he
assigned the students to evaluate five recursive methods using a worksheet and to formulate a
recursive method to draw the Sierpinski carpet (Mandelbrot, 1983). In the second course
session of that week, the teaching assistant first discussed the Sierpinski carpet assignment and
similar fractal problems. He then introduced three ways of tracing recursive methods: the tree
approach (Haynes, 1995; Kruse, 1982), the substitution approach (Abelson, Sussman, &
Sussman, 1996), and the block diagram approach (Troy & Early, 1992). On the third course
session of that week, the teaching assistant discussed recursive void methods and illustrated
their behaviors using methods involving printing statements. Then, the students took a
40-minute quiz on recursion.

Following the quiz, 28 of the 60 students participated in the follow-up interviews. These
participants’ quiz performance reflected the larger trends in understanding of recursion. This
subsample reflected the diverse demographic and academic backgrounds of the full course

enrollment (see Table 6 for demographic information for the subsample).
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Demographics Subsample(n=28)
Gender
- Female 17 (61%)
- Male 11 (39%)
Ethnicity
- American Indian or Alaska Native 0 (0%)
- Asian 6 (21%)
- Black or African American 2 (7%)
- Native Hawaiian or other Pacific Islander 0 (0%)
- Hispanic or Latino 2 (7%)
- White 18 (64%)
Major or intended major
- Biology 4 (14%)
- Commerce 2 (7%)
- Computing 3 (11%)
- Engineering 6 (21%)
- Mathematics 4 (14%)
- Medical science 1 (4%)
- Psychology 7 (7%)
- Unknown 6 (21%)
Academic year
- First year 16 (57%)
- Second year 5 (18%)
- Third year 2 (7%)
- Fourth year 3 (11%)
- Unknown 2 (7%)
Study 1
Design

Study 1 tests the three quantitative hypotheses. A quiz including four program

evaluation tasks and one program comprehension task was administrated to all participants.

Mental models that participants exhibited in their program evaluation responses were

categorized using an adapted version of an existing categorization scheme. Mental models that
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participants exhibited in their program comprehension responses were categorized using a
simplified version of the existing categorization scheme. The comprehension-based results
was used to adjust the stability of copies model determined using the program evaluation tasks.
Statistical analyses were performed to determine the relationship between mental model
manifestation and situational constraint imposed by each problem. For further analysis,
stability of the copies model was determined using the frequency with which the copies model
manifested.
Operational Definitions of Key Variables

Mental Models of Recursion

Mental models of recursion are operationally defined as the patterns of thinking
presented in participants’ program evaluation traces or their descriptions of the goal of a
function. Evaluation traces were coded according to an adapted version of Gotschi’s (2003)
categorization scheme (see Appendix 1 for the original categorization scheme). G6tschi’s
scheme provides detailed coding explanations, and its content validity was verified by experts
of introductory CS courses. According to Gotschi, raters first code the trace component (i.e.,
active flow, base case, and passive flow) and then categorize the trace based on the
combinations of the three codes (see Appendix 1 for detailed coding scheme).

The specific procedures and codes were adapted to accommodate the theoretical
assumptions and the characteristics of participants’ traces in the present study (see Appendix 2
for the adapted categorization scheme). In the present study, codes at the trace component level

were disregarded because such coding method prematurely presumes that the copies model is
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psychologically composed in such way. Additionally, not every trace has all three trace
components, and several codes across components are not independent from each other. As a
result, traces were coded only at the trace level and directly categorized into various mental
models.

Several new models emerged from the data. The previously identified active model
(Gotschi, 2003) was found to have eight identifiable sub-models in the current study. The
original one was identical to the sub-model named combine-all-after-base-case in the adapted
categorization scheme. Other sub-models varied by how evaluation ends and whether there is
an output at each invocation. Other new models emerged from the data included: a bottom-up
model, a shortcut model, and a function description model. The existence of these models can
be attributed to the instructional and task contexts of the course, including the format of
materials, presented exercises, and the quiz problems (see discussion of course observation
field notes, below).Situational Constraint

Situational constraint is the extent to which features of a task prevent the
computer-as-agent p-prim from operating in inappropriate ways through the mediation of prior
knowledge. According to the knowledge-in-pieces theory, activated knowledge elements
specify a context for further knowledge activation (diSessa, 1993). An activated
computer-as-agent p-prim alone specifies a context that favors problematic schemas. However,
perception of specific task features may activate certain knowledge elements and a resulting
context favors productive schemas. As a result, the presence of these task features constrains

the predominant influence of the computer-as-agent p-prim over further knowledge activation.
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In this study, situational constraint is operationally defined using two task dimensions:
call structure and parameter type. Each dimension has two levels. Call structure is either prefix
or tail. Parameter type is either number or list. As discussed in Chapter 2, it is assumed that the
prefix call structure imposes a higher situational constraint than the tail call structure due to its
capacity to withhold the operation of the computer-as-agent p-prim. Also, it is assumed that the
number parameter has a higher situational constraint than the list parameter due to participants’
ability to view numeric operations in their entirety—an ability underdeveloped for
lists—constrains the operation of the computer-as-agent p-prim. Thus, the combination of the
two dimensions generates four tasks with varying levels of situational constraint. As shown in

Table 7, a method with a prefix call structure and number parameters imposes the
highest level of situational constraint. A method with a tail call structure and number
parameters, or a prefix call structure and list parameters imposes moderate situational

constraints. A method with a tail call and list parameters imposes low situational constraints.

Table 7
Situational constraint of the four program evaluation tasks
Situational constraint imposed by call structure
Prefix Tail
Situational Number ngh Medium
constraint imposed
by parameter type List Medium Low

Stability of the Copies Model
Mental models are unstable and constantly evolving (Norman, 1983), but they can be

described as stable when they establish certain level of entirety, stored in and retrieved from
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long-term memory as a whole unit (Doyle & Ford, 1998). Thus, the stability of a certain mental
model can be measured by the frequency with which it manifests across multiple tasks. In this
study, stability of the copies model is operationally defined as the frequency of copies model
manifestation among the four program evaluation tasks.
Instruments

Mental Models of Recursion Test

The mental models of recursion test consisted of four program evaluation tasks and
one program comprehension task (see Appendix 3). In the program comprehension task,
participants described what a given recursive function achieved in plain language. In the
program evaluation tasks, participants evaluated recursive functions and showed their
evaluation processes in writing. The four recursive functions had different combinations of call
structure and parameter type. One had a prefix call structure and number parameters; one had a
prefix call structure and a list parameter; one had a tail call structure and number parameters;
and one had a tail call structure and a list parameter. The 24 different orders of task
presentation were evenly distributed among participants.

The usage of the program evaluation task derives from Kahney’s (1983) study on
novices’ knowledge of recursive functions. Kahney used a tail-recursive function and an
embedded recursive function, both of which produced the same outcome. Participants were
asked to determine whether the programs could solve a given problem and to explain “how it
does it (in your own words), or, if it won’t, say why it doesn’t (again in your own words)” (p.

236). This task effectively differentiated multiple understandings of recursive function.
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However, Kahney’s request for explanations in his study resulted in unstructured responses,
from which it was difficult to interpret participants’ mental models of recursion.

The request for explanation is made much clearer by asking participants to simulate
step-by-step how a recursive function is executed. Gotschi (2003, p.80), for example, asked
participants to “trace through the program with the program call given. Please show as much of
your thought processes as possible, either by using diagrams to represent what you understand
to be happening or by writing English [plain language] statements.” In response, participants
described their thought processes in detail, often in the form of a trace. Sometimes, researchers
phrase the request in terms of specific programming language. Mirolo (2010, appendix, p.1),
for example, required participants to use the substitution method (Abelson, Sussman, &
Sussman, 1996) specific to the Scheme programming language: “based on the Scheme’s
computation model, show the key evaluation steps for the expression. In particular, report all
the recursive procedure calls.” This kind of request further constrains participants to respond in
particular forms. Still, participants’ responses showed lack of details and considerable
ambiguity. Gotschi (2003) reported that only 49% of participants (n=172) clearly simulated
program execution, 9% showed how inputs were calculated to generate outputs with no
reference to the execution mechanism, 30% responded a mixture of the simulation and the
calculation, and 12% only provided the outputs without explaining their thought processes.

Drawing on the lessons learned from these past efforts to capture participants’ mental
models, the evaluation tasks were phrased as execution simulation tasks. The participants were

explicitly asked to show the process through which a given input produced certain output.
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However, it was possible that specifying response forms might increase the situational
constraint in all tasks, which would diminish the effect of task features (i.e., parameter type and
call structure). To compensate for the heightened situational constraint, a program
comprehension task was included in the test. This type of task only asked participants to
predict the inputs based on the given outputs, thus it imposed a relatively low level of
situational constraint.
Observation Field Notes

To inform results interpretation as necessary, observation field notes were taken to
capture the instructions the participants received on recursion. The field notes were designed to
record contents of the instructions and participants’ reactions to the instructions. Particularly,
the notes recorded in details the representations that the instructors used to illustrate recursive
processes.

Procedure

The researcher started to observe the class from sessions on the concept of method,
which laid a foundation for the concept of recursion. Observation continued through three
course sessions on recursion until the mental models of recursion test was administrated as a
quiz. In addition, the researcher collected relevant textbook chapters, lecture notes, worksheets,
and homework assignments.

The course teaching assistant administrated the quiz in pencil-and-paper format at the
end of the third class session on recursion. He randomly distributed the quiz sheets which

presented the tasks in varied sequences. Time limit was 40 minutes. Participants could leave
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once they submitted their answer sheets.
Analysis
Categorizing Mental Models of Recursion Exhibited In the Program Evaluation Tasks
Participants’ evaluation traces were categorized based on the adapted categorization

scheme for mental models of recursion (see Appendix 2). A minority of the traces were not
immediately classifiable (none for the number-prefix method, 18.3% for the number-tail
method, 20.0% for the list-prefix method, and 11.7% for the list-tail method; see Appendix 4
for uncertain categorization in each model). Fortunately, the copies model traces were all
classifiable without any uncertainty. Thus, all the cases were preserved by collapsing all other
categories into a non-copies model category. However, there was one trace categorized as the
active model that could be alternatively categorized as the copies model. With no interview
data available for triangulation, this case was eliminated from hypothesis testing. The resulting
sample size was 59.
Testing Hypothesis 1

Hypothesis 1: Participants are more likely to exhibit the copies model when evaluating a
recursive function with a prefix call structure than evaluating a recursive function with a tail
call structure.

This hypothesis is tested using two one-sided Z tests for dependent samples at the
confidence level of 95%. The first test compares proportions of participants who demonstrate
the copies model in evaluation of the number-prefix method and in evaluation of the

number-tail method. The second test compares proportions of participants who demonstrate
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the copies model in evaluation of the list-prefix task and in evaluation of the list-tail task.
Testing Hypothesis 2

Hypothesis 2: Participants are more likely to exhibit the copies model when evaluating a
recursive function with a number parameter than evaluating a recursive function with a list
parameter.

This hypothesis is tested using two one-sided Z tests for dependent samples at the
confidence level of 95%. The first test compares proportions of participants who demonstrate
the copies model in evaluation of the number-prefix method and in evaluation of the list-prefix
method. The second test compares proportions of participants who demonstrate the copies
model in evaluation of the number-tail task and in evaluation of the list-tail task.

Testing Hypothesis 3

Hypothesis 3: If participants exhibit the copies model in some but not all task situations
that represent four possible combinations of call structure and parameter type, their successful
performance will be clustered around tasks with higher situational constraints. Performance
patterns representing such trend should occur more frequently than those contradicting it.

Participants are classified based on their performance pattern. There are 16 possible
combinations of the copies model manifestation among the four tasks. These combinations are
classified as a categorical variable called performance pattern.

The copies model may show in all four tasks:
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H M
M| L
Pattern 1

The copies model may show in three of the four tasks:

HM H| M H M H| M
M| L M| L M| L M| L
Pattern 2 Pattern 3 Pattern 4 Pattern 5

The copies model may show in two of the four tasks:

H M HI M H M H M H M H| M
M| L M| L M| L M| L M| L M| L
Pattern 6 Pattern 7 Pattern 8 Pattern 9 Pattern 10 Pattern 11

The copies model may show in one of the four tasks:

H| M H|M H|M H|M
M| L M| L M| L M| L
Pattern 12 Pattern 13 Pattern 14 Pattern 15

The copies model may show in none of the four tasks:

H| M
M| L
Pattern 16

The 16 performance patterns may be consistent, inconsistent, or uninformative to
Hypothesis 3. When participants demonstrate the copies model in tasks with higher situational
constraint but not in those with lower situational constraint (i.e., pattern 2, 6, 7, and 12), the

clustering patterns are consistent with Hypothesis 3. When participants demonstrate the copies
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model in tasks with lower situational constraint but not in those with higher situational
constraint (i.e., pattern 3, 4, 5, 8, 9, 10, 11, 13, 14, and 15), the clustering patterns are
inconsistent with Hypothesis 3. When participants demonstrate the copies model in all tasks
(pattern 1) or in none of the problems (combination 16), no informative clustering pattern is
available to evaluate Hypothesis 3.

The participants who demonstrate the two hypothesis-uninformative patterns are not
included in this analysis, thus there remain 14 patterns. The aggregated expected proportions
are 28.6% (4 out of 14) for the hypothesis-consistent patterns and 71.4% (10 out of 14) for the
hypothesis-inconsistent patterns. An exact test of goodness-of-fit determines whether the
observed distribution differs significantly from a random distribution. Further, one-sided
Z-tests are used to determine whether the observed proportions are different from their
respective expected proportions in the expected directions. Specifically, the aggregated
proportion of the hypothesis-consistent patterns is predicted to be higher than expected, while
the aggregated proportion of the hypothesis-inconsistent patterns is predicted to be lower than
expected. To control for Type I error using the Bonferroni correction method, the overall alpha
level (.05) is divided up by the total number of tests (2), making a critical alpha value of .025
for each individual test.

Categorizing Mental Models of Recursion Exhibited In the Program Comprehension Task

Participants’ answers to the program comprehension question are categorized based on
the simplified categorization scheme for mental models of recursion. Their answers are coded

as the potential-copies model if they correctly complete the comprehension task. If they give

www.manaraa.com



70

incorrect or partial answers, their answers are coded as the non-copies model.
Determining Stability of the Copies Model

For the purpose of subsequent analyses, participants are also classified according to the
stability of their demonstrated copies model. As shown in Table 8, stability of the copies model
is ranked by the proportion of the five tasks in which model manifested. The potential-copies
model in the program comprehension task is counted as a copies model. The resulting
stability of the copies model has six levels: high, moderate high, moderate, moderate low, low,

and absence.

Table 8
Stability of the copies model ranked by the proportion of the five tasks in which model
manifested

Manifestation of the copies model Stability of the copies model
In all five tasks High
In four tasks Moderate high
In three tasks Moderate
In two tasks Moderate low
In one task Low
In none of the tasks Absence
Study 2
Design

Study 2 attempts to validate the three qualitative suppositions regarding the operation of
the computer-as-agent p-prim in evaluation of recursive function. On the basis of their test
performance, a demographically diverse sub-sample reflecting the larger trends in
understanding were selected to participate in additional, in-depth clinical interviews. As

described below, interview transcripts are qualitatively analyzed to distill patterns of
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interpretations indicating the structure, function, and coordination modes of the
computer-as-agent p-prim. The coding scheme for various coordination modes of the
computer-as-agent p-prim was developed through a deliberate, inductive procedure and
utilized to analyze interview transcripts.

Operational Definitions of Key Concepts

The computer-as-agent p-prim is operationally defined as a general perception-action
pattern: individuals perceive program codes as actions the computer will take and then seek
results for the actions using programming knowledge. Each action must be matched with a
result.

Programming schemas are operationally defined as specific perception-action patterns:
individuals perceive program codes as specific operations and then implement the operations.
Programming schemas can be productive or unproductive depending whether they accurately
represent the official definitions of the program codes.

Coordination is operationally defined as the situation that the computer-as-agent p-prim
and productive programming schemas are simultaneously activated and then simultaneously
completed. Tentatively, there can be three modes of coordination: incoordination, conditional
coordination, unconditional coordination. Incoordination refers to the mode that coordination
does not occur in any of the tasks. Conditional coordination refers to the mode that
coordination occurs only in tasks with certain features. Unconditional coordination refers to

the mode that coordination occurs consistently across all the tasks.
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Procedure
As shown in Table 9, half of the class (32 out of 60 participants) expressed interest in
participating in the follow-up interviews. To ensure an adequate sample size, all the volunteers
were invited. Of these, 28 participants participated in the interview sessions. An exact test of
goodness-of-fit indicated no statistically significant difference between the distribution of the
copies model stability in this subsample and that in the whole sample (p = .982). The

subsample was representative of the whole sample in quiz performance.

Table 9
Distribution of adjusted stability of the copies model among the interview participants and all
participants

Adjusted stability of the copies Interview participants All participants

model Frequency (proportion) Frequency (proportion)
Absence 6 (21%) 11 (19%)

Low 9 (32%) 18 (31%)

Moderate low 4 (14%) 11 (19%)

Moderate 3 (11%) 8 (14%)

Moderate high 3 (11%) 5 (8%)

High 3 (11%) 6 (10%)

Total number of participants 28 59

Each interview participant met with an interviewer in a private meeting room for 60
minutes. The interviewer reviewed the purpose of the study, the procedure of the interview, and
the consent forms. Once the participant signed the consent forms, the interviewer started the
audio recording.

Clinical Interview
Clinical interview is “a flexible method of questioning intended to explore the richness

of children’s thought, to capture its fundamental activities, and to establish the child’s
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cognitive competence” (Ginsburg, 1981, p.4). In a clinical interview, the interviewer
typically uses open-ended questions or tasks to initiate the conversation with the participant.
For example, the interviewer may describe a phenomenon and then ask the participant to
make predictions or explanations about it or to think aloud while performing a task. As the
conversation unfolds, the interviewer makes “improvisational moves” to encourage more
elaboration, clarify or triangulate the participant’s meanings, or maintain a comfortable and
focused conversational environment (Lee, Russ & Sherin, 2008, p.1724).

Compared to other methods commonly used in studies of conceptual change, clinical
interview method has unique advantages. For instance, researchers may gather rich,
contextualized data which cannot be gathered in a conventional psychological testing. Also,
the clinical interview method is more efficient and controllable than traditional naturalistic
observation methods, because it allows for targeted explorations without potentially
problematic decontextualization (Ginsburg, 1981).

However, clinical interview has been criticized by socio-cultural theorists for
collecting social artifacts rather than knowledge manifestation (Bannon & Bedker, 1991).
Some radical criticism fundamentally questions the existence of knowledge as a knowable
entity (e.g., Roth, 2008). Some mild criticism questions the reliance on the subjects’
responses to infer their knowledge without examining the interactional patterns around the
responses (Halldén, Haglund, & Stromdahl, 2007). In response to these criticisms, clinical
interview practitioners, while maintaining that knowledge is ontologically valid (e.g.,

Vosniadou, 2007), started to explore the ecological validity of clinical interview (diSessa,
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2007) and take interaction analysis into account when conducting knowledge analysis (e.g.,
Sherin, Krakowski, & Lee, 2012). In a recent educational research symposium, aspects of
this integrated account of clinical interview methodology were explicitly discussed and
evaluated (e.g., interviewer’s revoicing strategy, (diSessa, Greeno, & Michaels, 2012;
interactional features surrounding knowledge manifestation, Brown et al., 2012). Although a
promising and interesting direction, these integrated analyses necessarily double the
workload of data analysis and require additional assumptions to infer participants’ knowledge.
Instead of implementing a full-bloomed integrated knowledge-interaction analysis, this study
was designed to prevent potential interactional effects at the data collection stage and then
follow up with a lite inspection at the data analysis stage.

In the current study, [ employed two strategies to minimize the unwanted influences of
social interaction on knowledge manifestation in clinical interviews. First, the clinical
interviews were grounded in naturalist data. In a typical clinical interview, the interviewer
asks the participants questions without references to their performance in other contexts, and
the participants have to improvise answers (Roth, 2008). Such a setting potentially allows the
interviewing social dynamic to exert unchecked influence on knowledge manifestation
(Halldén, Haglund, & Stromdahl, 2007). In order to minimize this unwanted influence, the
design of this study bundled and sequenced the collection of artifacts (Given, 2008), the cued
retrospective reporting (van Gog, Paas, van Merriénboer, & Witte, 2005), and the probes
(Klein & Calderwood, 1996) techniques to target the same knowledge. Participants’ quiz

responses collected in Study 1 were the artifacts of their knowledge manifestation in a
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naturalistic setting. These artifacts helped cuing participants’ recollection during retrospective
reporting in the clinical interviews. The interviewer only asked probe questions after
participants complete their reports in order to minimize the influences of interaction over the
retrospective reports.

The second strategy was to frame clinical interview as a derivative of inquiry activities
that naturally occur in everyday life (diSessa, 2007). Although it was impossible to
completely avoid an asymmetrical relationship between the interviewer and the participant,
multiple strategies were used to psychologically prepare the participants for natural and
genuine inquiries. First, the interviewer created a non-authoritative, casual conversational
environment by intentionally dressing informally and selecting a room with casual decor. At
the beginning of the interview, the interviewer explicitly stated the purpose of the interview
as a method of scientific investigation rather than a performance assessment. During the
interview, the interviewer maintained the established conversational environment using
rhetorical techniques. For instance, the interviewer used discourse markers such as “so the
question is...” to connect a foregoing problem description and the question to convey a sense
of natural inquiry. Also, the interviewer refrained from giving evaluative or corrective
messages to the participant throughout the interview.

Having the appropriate interactional pattern established, the interviewer asked the
participants to describe their thought processes during their attempts to solve the problems
presented on the quiz. The interviewer demonstrated how to retrospectively report one’s own

thought processes using a simple mathematical problem. After briefly reviewing their own
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traces, participants reported their thought processes when they attempted the quiz questions.
After participants reported on each task, the interviewer asked probe questions to elicit more
detailed, in-depth information about the participants’ mental processes. The probes targeted
the previously identified elements that constitute a contextual configuration, as listed below:

At this moment, which elements were you focusing on?

What information did you use in making this decision?

Were you reminded of any previous experience? What was it?

What was your goal at this moment?

Have you considered the option that ...... ?

At the end, the interviewer expressed appreciation and provided a $10 compensation to
the participants.

Analysis

Screening for Intentional Patterns

All of the interview audio-recordings were transcribed. The transcripts were first
screened using the intentional analysis technique (Halldén, Haglund, & Strémdahl, 2007) to
eliminate instances of interactions skewed by the social dynamics of the interviews. In
intentional analysis, a participant’s utterances are viewed as verbal actions performed to reach
certain goals. One source for verbal action is the participant’s beliefs about the subject matter
irrespective of any particular situation. The other source is the participant’s interpretation of
the particular interview situation in terms of duties, norms, and opportunities (von Wright,

1971). The participant’s interpretations of the interview situation may distort her or his
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knowledge construction and presentation of the subject. For example, when participants
perceive the interviews as a test situation in which questions are intended to make them
error-prone, they would dodge the questions and stick to the knowledge that they are
confident about (Halldén, Haglund, & Strémdahl, 2007). Interview segments with occurrence
of such distortion would be eliminated from the subsequent analysis.

Overall, the participants’ intentions in their verbal actions were compatible with the
interviewer’s expectations. They honestly and plainly reported in details their thought
processes during the quiz. There were a few instances where participants misunderstood the
interviewer’s questions or requests, but these misunderstandings were quickly corrected during
the interviews. A few participants appeared to be nervous, embarrassed, or defensive at the
beginning, but as the interviewer constantly reinforced a friendly and safe atmosphere, they
gradually became relaxed and comfortable with the conversation. Therefore, these participants’
transcripts were still effective after eliminating the segments involving misunderstandings and
negative emotions. As a result, all 28 cases were preserved for the analyses described below.
Data Segmentation

Each transcript was segmented into four sections: 1) retrospective report of thought
processes, during which participants retrospectively reported their thought processes on the
quiz questions, and then the interviewer asked questions to clarify participants’ reports (the
sequence of reporting the five tasks varied depending on the order with which the participants
completed the tasks on the quiz day); 2) answer review and probing, during which participants

reviewed the correct answers and compared them to their own answers, and then the
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interviewer asked probe questions to gain further information about participants’
understanding of recursive function; 3) tutoring, during which the interviewer tutored the
participants on recursion if they demonstrated poor understanding and were willing to learn; 4)
evaluation of instructions, during which the interviewer asked the participants to evaluate the
effectiveness of instructions on recursion, particularly the different types of activities,
representations, and assignments. For the purpose of this study, only the first two sections were
used for analysis.

Participants’ reports for each task were segmented into a series of mental transaction
units. As shown in Figure 8, three domains comprise a mental transaction unit: contextual
configuration, three levels of information processing, and action. Contextual configuration is
composed of the information the participants report attending to in the environment and the
information they hold in their short-term memory at the moment. Three levels of information
processing are the sensory level, the p-prim level, and the symbolic schema level (diSessa,
1993). The contextual configuration shaped by previous transactions supplies the sensory input,
which in turn activates and instantiates the computer-as-agent p-prim. The instantiated
computer-as-agent p-prim then activates and coordinates with relevant symbolic schemas. The
active p-prim and schemas generate internal actions (e.g., storing information in short-term
memory) and external actions (e.g., writing a note on quiz sheet). These actions reshape the
contextual configuration, which will serve as the starting point for the next mental transaction

unit.
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Figure 8. Mental transaction unit

For example, during evaluation of a recursive method, a participant encountered the
statement “int n = list.size ();”, which initializes an integer n with the number of elements in a
given list. In the interview, the participant reported how she evaluated this statement:

“It says n equals list size, so I looked at the list that was given in the problem, and there
are four numbers in it, so I got the size of the list which is 4, so I set n equal to 4.”

At the beginning of this unit, the participant focused on the statement “int n = list.size
();”. This sensory input activated and instantiated the computer-as-agent p-prim, which in turn
activated the symbolic schema of this particular statement. Operation of the schema generated
a result which filled the effect slot of the instantiated computer-as-agent p-prim. The

participant acted accordingly, writing down a note “n =4” on her quiz sheet.
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Selection of Mental Transaction Units
The contextual configurations of the following elements satisfy the activation
requirement for the computer-as-agent p-prim, thus they were selected for analysis:
1. Original invocation specified in the problem statement (e.g., the problem statement
“what output does invocation g (10, 3) produce?” along the code of method g);
2. Non-recursive statement, or a statement not involving a recursive call (e.g., the
statement “Boolean b = (u <= v);” in the method q”).
3. Recursive statement, or a statement involving a recursive call (e.g., the statement
“result=m * p (m, n - 1);” in the method p);
Sub-invocation (e.g., g (10, 2) written by the participants to denote a new method

invocation);Table 10 shows distributions of each element category among the four tasks.

Table 10
Distributions of each type of contextual configurations among the four tasks

Tasks
Number-prefix Number-tail List-prefix — List-tail

Mental transaction units

Original invocation 1 1 1 1
Sub-invocation 4 3 4 3
Recursive statement 4 3 4 3
Non-recursive statement 15 11 25 20
Total 20 15 30 24

Identifying the Computer-as-agent P-Prim for Validation of Suppositions 1, 2, and 3

Based on the principles for identifying p-prims (diSessa, 1993), interview transcripts
were qualitatively analyzed to distill patterns of interpretation which indicated the structure,
function, and coordination modes of the computer-as-agent p-prim. The principles can be

roughly organized into several categories that respectively focus on behavioral attributes,
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developmental attributes, class properties of p-prims, and analytical strategies. Due to the
scope of this study, only behavioral attributes and analytical strategies are reviewed here.

According to the principles on behavioral attributes, it is generally productive to
examine the “misconception” cases to identify p-prims (“principle of discrepancy”; diSessa,
1993, p.125). However, it is worth noting that p-prims operate across a breadth of cases
regardless of whether a response is correct or incorrect evaluated by scientific norms
(“principle of coverage”; p.121). Good opportunities to identify p-prims occur when
participants feel that a given situation does not need an explanation (“principle of obviousness”;
p.121), or they claim an explanation with great satisfaction (“principle of impenetrability”;
p.121). At such moments, the particular words and phrases that participants use often signal the
underlying p-prims (“principle of strong vocabulary”; p.122), especially when their
vocabulary appears to be readymade for representing the given situation (“principle of ready
availability”; p.123).

In order to characterize the p-prims, it is particularly useful to consider what they enable
the participants to do in their interactions with the world (“principle of functionality”; p.123).
Usually, participants’ responses change during a complete attempt (“principle of dynamics”;
p.123). Their first responses signal those p-prims of high cuing priority in that situation. As
they attend to more features of the situation, other p-prims or schemas may be brought forth. If
certain ideas persist through or finalize the responses, they may indicate the underlying
p-prims of high reliability priority in the situation.

If a p-prim is characterized correctly, it should manifest itself consistently (“principle of
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invariance”; diSessa, 1993, p.124) in multiple applicable situations (“principle of diverse
evidence”; p.124). If any evidence does not agree with the principle of invariance, the p-prim’s
description must be revised to achieve consistency (“principle of redescription”; p.124). This
triangulation does not need to be confined within a single dataset. Data from other sources, as
long as qualified for such analysis, can be used to evaluate the working hypothesis (“principle
of scavenging data”; p.124).

During the process of identification, as qualified cases accumulated, analysis was
gradually evolving to inform the extent to which suppositions 1, 2 and 3 were supported:

Supposition 1: Interpretations generated by the computer-as-agent p-prim are
characteristic of a sense of intuitive obviousness and satisfaction.

Supposition 2: Interpretations generated by the computer-as-agent p-prim serve
participants well in many cases rather than causing problems all the time.

Supposition 3: Interpretations generated by the computer-as-agent p-prim are sensitive
to local context, thus they are likely to change in response to change in local context.
Coding for Schemas Relevant to Construction of Mental Models of Recursion

The selected mental transaction units were further coded to identify programming
schemas that were relevant to construction of mental models of recursion. Initially, couplings
of perceptions and actions were openly coded. These initial codes were condensed and then
applied to the data again. This procedure was repeated for several times until resulting codes
were comprehensive and parsimonious. The identified schemas were further categorized as

productive or unproductive based on whether their operations result in the copies or non-copies
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model of recursive function.
Classifying Participants on the basis of Coordination Modes
Participants are classified on the basis of how their computer-as-agent p-prim
coordinates with the productive schemas. When the computer-as-agent p-prim and productive
schemas co-occur among all tasks, the participants are classified as operating in an
unconditional coordination mode. When the computer-as-agent p-prim and productive
schemas co-occur only in tasks with certain features, participants are classified as operating in
a conditional coordination mode. When the computer-as-agent p-prim and productive schemas
do not co-occur in any of the tasks, participants are classified as operating in an incoordination
mode. The unconditional coordination mode and conditional coordination mode include
subcategories differentiating stability of coordination. If coordination persists through the
evaluation process, the mode is labeled as stable. Otherwise, the mode is labeled as unstable.
Integrated Analyses
Triangulation and Retesting Hypotheses
The interview transcripts available for the 28 interview participants were used to
triangulate their traces obtained through analysis in Study 1. Omitted steps in the traces were
filled with contents available in the clinical interview transcripts obtained in Study 2. Shortcut
traces or function descriptions were expanded to through triangulation using the participants’
elaborations in the interviews. Using the augmented traces, the data were recoded using the
adapted categorization scheme for mental models of recursion.

The triangulated trace data represented a more detailed observation of the participants’
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knowledge systems than the untriangulated trace data, resulting in the reclassification of
several traces. However, when the interviewer asked the participants to complete the tasks with
more stringent requirements (e.g., no shortcut or abbreviation allowed) she imposed a higher
situational constraint than that imposed by the quiz. Thus, triangulated trace data complement
rather than replace the original Study 1 trace data.

Retesting the three hypotheses using the triangulated trace data provides two sets of
results (untriangulated and triangulated), which are interpreted jointly to hedge the risk of
committing Type I and Type II errors. Untriangulated trace data are prone to Type II error,
because they preclude the interpretation of aspects of participants’ mental processes that do not
have corresponding written aspects. Specifically, the hypotheses are likely to be
inappropriately unsupported, because many traces categorized as non-copies in the
higher-constraint tasks can be potentially categorized as an instantiation of the copies model
when supplemented by an articulation of the underlying reasoning processes. Interview data
indicates that some of these participants were indeed capable of demonstrating the copies
model in the higher-constraint tasks but not in the lower-constraint tasks. Further, there could
be additional cases among the participants who did not participate in the interviews.

Conversely, results from the triangulated trace data are prone to Type I error, because the
interview context imposed a higher level of constraint on mental model construction than the
quiz context did. Thus the additional copies models associated with the higher-constraint tasks
could be artifacts of the interview context and not representative of the participants’

performance during the quiz as taken in the classroom context. Therefore, tests using only

www.manaraa.com



85

these data might inappropriately bias results to support the hypotheses.
Validation of Assumptions Regarding Situational Constraints

Clinical interview data obtained in Study 2 are compared to the assumed imposition of
situational constraints to validate the manipulation of independent variables. Specifically,
descriptions of mental processes are compared against the assumption that the prefix call
structure and the number parameter would prevent the computer-as-agent p-prim from
operating in inappropriate ways.

Substantiating Supposition 4

The stability of the copies model determined in Study 1 and the coordination mode
determined in Study 2 are taken together to evaluate the fourth supposition:

Supposition 4: Stability of the copies model is associated with coordination mode. The
more coordinated the operation of the p-prim, the more stable the copies model will be.

A cross-tabulation presents the trend of co-occurrence between the level of stability of
the copies model and coordination mode. The statistical significance of this association is
determined using the Fisher's exact test at the confidence level of 95% and the Spearman's

Rank Order correlation at the confidence level of 95%.
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CHAPTER 4
FINDINGS

The results of the current study are presented in three sections: Study 1, Study 2 and
Integrated Analyses. In the results of Study 1, participants’ program evaluation performance
data (triangulated and untriangulated trace data) are categorized using the adapted
categorization scheme for mental models of recursion and then analyzed to test the three
hypotheses. Both sets of results are presented to assess convergence and divergence pertinent
to the hypotheses tested. In addition, the stability of participants’ copies models is determined
using the untriangulated trace and program comprehension performance data. In the results of
Study 2, analyses of the interview data are presented to substantiate suppositions 1-3. Also
presented are programming schemas identified to be relevant to the construction of mental
models of recursion. Then, three modes of coordination are determined and tallied based on the
patterns of co-occurrence between the computer-as-agent p-prim and identified programming
schemas. In the results of the Integrated Analyses, assumptions underlying the three
hypotheses are validated using the interview data. Finally, supposition 4 is evaluated using the

stability of the copies model and the distribution of coordination modes.
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Study 1
Evaluation-based Model Categorization

Participants’ evaluation traces were categorized using the adapted categorization
scheme for mental models of recursion (see Chapter 3). The report below presents results of
the untriangulated trace data followed by results of the triangulated trace data.
Untriangulated Trace Data

As shown in Table 11, 50% of the participants (30 out of 60) demonstrated the copies
model in the number-prefix task. For the other three tasks, ~25% (14, 16, and 13 out of 60) of
the participants demonstrated the copies model.

Approximately 40% of the participants (24 and 26 out of 60) demonstrated the active
model in the number-prefix task and the list-prefix task, as about 60% (34 and 38 out of 60)
did in the number-tail task and the list-tail task.

The active model has a range of variants (see Chapter 3 for descriptions of them). The
combine-all-after-base-case variant predominately showed in evaluation of the two prefix
methods (see Table 11). The revert-to-first and revert-to-second-last variants only showed in
evaluation of the two tail methods. The output-from-all and base-case-result variants spread
out unevenly among the four tasks. Other variants appeared sporadically.

A few participants demonstrated the bottom-up model in evaluation of the two number
methods. A handful of participants (8 out of 60) showed the shortcut model, which only
occurred in evaluation of the list-prefix method. A few participants provided function

descriptions of the list-prefix method. Lastly, considerable numbers of participants (range 3 to
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11 out of 60) demonstrated the step model, and the number-tail method appeared to be most

inducive of the step model.

Table 11
Distribution of mental models of recursion among the four program evaluation tasks
(untriangulated trace data)

Mental models of Tasks
recursion Number-prefix ~ Number-tail List-prefix  List-tail
Copies 30 14 16 13
Active 24 34 26 38
Combine all after base case 18 2 10
Combine all along the way 2
Combine last two 1 1
Revert to first 5 14
Revert to second last 4 5
Output from all 2 12 7 13
Output from all but first 3
Base case result 1 8 8 6
Bottom Up 3 1
Shortcut 8
Function description 3
Step 3 11 7 9
TOTAL 60 60 60 60
% Triangulation needed 0.0% 18.3% 20.0% 11.7%

Triangulated Trace Data

As shown in Table 12, triangulation using the interview data substantially reduced the
percentages of uncertain categorization from an average of 12.5% (range 0.0% to 20.0%) to an
average of 8.3% (range 0.0% to 13.3%). The overall performance pattern did not substantially

change.
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Table 12
Distribution of mental models of recursion among the four program evaluation tasks
(triangulated trace data)

Mental models of Tasks
recursion Number-prefix Number-tail ~ List-prefix  List-tail
Copies 32 14 22 13
Active 21 34 26 38
Combine all after base case 15 1 8
Combine all along the way 2
Combine last two 1 1
Revert to first 7 14
Revert to second last 4 6
Output from all 1 12 6 12
Output from all but first 2
Base case result 2 8 11 6
Bottom Up 4 1
Shortcut 4
Function description 2
Step 3 11 6 9
TOTAL 60 60 60 60
% Triangulation needed 0.0% 13.3% 13.3% 6.7%

As shown in Table 13, the interview data confirmed a large majority (64.3%, 82.1%,
89.3%, and 92.9%) of the categorization using the trace data alone. There were 20 instances of
recategorization. Half of them involved the copies model. Nine instances were recategorized
from non-copies to copies, and 1 instance was recategorized from copies to non-copies.

For the number-prefix method, there were 3 active (combine all after base case) models
recategorized to the copies model. These 3 participants abbreviated the passive flow of
recursion into mathematical calculation. When prompted to explain how the computer would
carry out the calculation, they clearly demonstrated the copies model in their explanations (e.g.,
participant No.53 explained that: “it would first multiply 1 times 5, and then it would multiply

the product of this [1*5=5] times this [5], and then the product of this [5*5=25] times this [5],
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and the product of this [25*2=125] times this [5]. Go backwards is the order.”). For the same
method, there was 1 copies model recategorized to the bottom-up model. This participant’s
trace appeared to be a copies model. However, she reported an evaluation strategy from the
base case up to the invocation given in the problem statement.

For the list-prefix method, there were two active (combine all after base case) models
recategorized to the copies model. Similar to the active-to-copies recategorization explained
above, these participants demonstrated the copies model when prompted to explain the passive
flow of recursion during the interviews. For the same method, there were 4 shortcut models
recategorized to the copies model. These 4 participants took a shortcut to evaluate the
list-prefix method, which allowed them to bypass the need to use the copies model. When
prompted to extend the evaluation to a complete trace during the interview, these participants

were able to generate traces of the copies model without apparent difficulty.

www.manaraa.com



91

Table 13
Mental models of recursion confirmed or recategorized using the interview data
Task Confirmed Recategorized
Number- oy 3 Actiye (combine all after base case) = Copies
o 1 Copies = Bottom up
prefix (82.1%) 1, Active (output from all) = Active (base case result)
1 Active (output from all but first) > Active (output from all)
Number- 25 . . .
il (89.3%) 1 Act%ve (combine all after base c'ase) - Active (revert to first)
1 Active (output from all) > Active (revert to first)
2 Active (combine all after base case) = Copies
4 Shortcut > Copies
List- 18 1 Active (output from all) = Active (base case result)
prefix (64.3%) 1 Active (combine all after base case) = Active (base case result)
1 Step = Active (base case result)
1 Function Description = Active (combine all after base case)
List-tail 26 1 Active (revert to first) = Active (revert to second last)
(92.9%) 1 Active (output from all) = Active (revert to first)
92 20
Total (82.1%) (17.9%)

Testing Hypothesis 1: Prefix versus Tail

Hypothesis 1: Participants are more likely to exhibit the copies model when evaluating a
recursive function with a prefix call structure than evaluating a recursive function with a tail
call structure.

This hypothesis was tested with two statistical tests, one comparing proportions of the
copies model demonstrated in the evaluation of the number-prefix method and the number-tail
method, and the other between the list-prefix method and the list-tail method.

Test 1: Number-Prefix versus Number-Tail

As shown in Table 14, using the untriangulated trace data, 30 participants (50.8% of

total 59) demonstrated the copies model in evaluation of the number-prefix method, while 14

participants (23.7% of total 59) did so in evaluation of the number-tail method. A one-sided Z
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test for dependent samples indicated a statistically significant difference (z = 3.23, 1-tailed p
<.001), indicating that the proportion of participants who demonstrated the copies model in
high-constraint task was higher than that of participants who did so in the medium-constraint
task. When the test was repeated with the triangulated trace data, the results changed little.
Thirty two participants (54.2% of total 59) demonstrated the copies model in evaluation of the
number-prefix method, and 14 participants (23.7% of total 59) did so in evaluation of the
number-tail method. The Z test again indicated a statistically significant difference (z = 3.64,

1-tailed p <.001).

Table 14
Copies model manifested in the number-prefix task and the number-tail task

Z p-values

Situational Constraint Task Frequenc Percentage .. ]
a y 8 tatistics (1-tailed)

Untriangulated trace data

High Number-prefix 30 50.8% 3.23 <.001**
Medium Number-tail 14 23.7%
Triangulated trace data
High Number-prefix 32 54.2% 3.64 <.001**
Medium Number-tail 14 23.7%

*p < .05, **p < 001

Test 2: List-Prefix versus List-Tail

As shown in Table 15, when the untriangulated trace data were used, 16 participants
(27.1% of total 59) demonstrated the copies model in evaluation of the list-prefix method,
while 13 participants (22.0% of total 59) did so in evaluation of the list-tail method. A
one-sided Z test for dependent samples was performed to determine whether the proportion of
participants who demonstrated the copies model in the medium-constraint task was

significantly higher than that of participants who did in the low-constraint task. The test failed
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to indicate a statistically significant difference (z = .73, 1 tailed p = .232 > .05).

When the triangulated trace data were used, 22 participants (37.3% of total 59)
demonstrated the copies model in evaluation of the list-prefix method, and 13 participants
(22.0% of total 59) did so in evaluation of the list-tail method, yielding a statistically

significant difference (z = 1.96, 1 tailed p = .025 <.05).

Table 15
Copies model manifested in the list-prefix task and the list-tail task
Situational Z p-values
Constraint Task Frequency Percentage statistics ~ (1-tailed)
Untriangulated trace data
Medium List-prefix 16 27.1% 73 232
Low List-tail 13 22.0%
Triangulated trace data
Medium List-prefix 22 37.3% 1.96 .025%
Low List-tail 13 22.0%

*p <05, **p < 001

Testing Hypothesis 2: Number versus List
Hypothesis 2: Participants are more likely to exhibit the copies model when evaluating a
recursive function with a number parameter than evaluating a recursive function with a list

parameter.

This hypothesis was tested with two statistical tests, one comparing proportions of the
copies model demonstrated in evaluation of the number-prefix method and the list-prefix
method, and the other between the number-tail method and the list-tail method.

Test 1: Number-Prefix versus List-Prefix
As shown in Table 16, when untriangulated trace data were used, 30 participants (50.8%

of total 59) demonstrated the copies model in evaluation of the number-prefix method, and 16
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participants (27.1% of total 59) did so in the evaluation of the list-prefix method. A one-sided
Z test for dependent samples indicated that the proportion of participants who exhibited the
copies model in the high-constraint task was significantly higher than that of participants who
did in the medium-constraint task (z = 3.32, 1-tailed p <.001).

When the triangulated trace data were used, the results changed most on the list-prefix
method. Thirty two participants (54.2% of total 59) demonstrated the copies model in
evaluation of the number-prefix method, and 22 participants (37.3% of total 59) did so in
evaluation of the list-prefix method. The Z test also indicated a statistically significant

difference (z = 2.74, 1-tailed p =.003 <.05).

Table 16
Copies model manifested in the number-prefix task and the list-prefix task
Situational 4 p-values
Constraint Task Frequency  Percentage statistics  (1-tailed)
Untriangulated trace data
High Number-prefix 30 50.8% 3.32 <.001**
Medium List-prefix 16 27.1%
Triangulated trace data
High Number-prefix 32 54.2% 2.74 .003*
Medium List-prefix 22 37.3%

*p <.05, **p <.001

Test 2: Number-Tail versus List-Tail

As shown in Table 17, when untriangulated trace data were used, 14 participants (23.7%
of total 59) demonstrated the copies model in evaluation of the number-tail method, and 13
participants (22.0% of total 59) did so in evaluation of the list-tail method. A one-sided Z test
for dependent samples failed to indicated that the proportion of participants who demonstrated

the copies model in the medium-constraint task was higher than that of participants who did in
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the low-constraint task (z=.95, 1-tailed p =.172 > .05). Triangulated trace data did not change

this result.

Table 17
Copies model manifested in the number-tail task and the list-tail task
Sclzl;asttlr(;?s: Task Frequency Percentage  Z statistics g-::ﬂ; ils)
Untriangulated trace data
Medium Number-tail 14 23.7% .95 172
Low List-tail 13 22.0%
Triangulated trace data
Medium Number-tail 14 23.7% .95 172
Low List-tail 13 22.0%

%p <05, **p < .001

Performance Pattern
Participants were further classified based on their performance patterns. There are 16
possible combinations of the copies model manifestation among the four program evaluation
tasks. Table 18 and Table 19 show the distributions of the untriangulated and triangulated trace

data, respectively.
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Table 18
Distribution of performance patterns among participants (untriangulated trace data)
Performance Frequency Performance Frequency

Pattern (proportion) pattern (proportion)

1 Hip Mo 6 (10.2%) 9 Hop Mo 2 (3.4%)
M, Li My, Li¢

2 | Hnp M 0 10 Bk \Y A 0
My, Li My, Li¢

3 Hup Mo 4 (6.8%) 11 Hnp Mo 0
M, Ly M., L

4 | Hnyp Mo 1 (1.7%) 12 Hnp Mo 10 (16.9%)
My, Ly M., L

5| Hup M 0 13 8 Mo 0
Ml—p Ll—t Ml—p Ll—t

6 | Hnp M, 1 (1.7%) 14 8 \Y 0
Ml—p Ll-t Ml-p Ll-t

7 | Hnp M, 9 (15.3%) 15 86 \Y A 0
Ml-p Ll-t Ml-p Ll-t

8 | Hp Mo 0 16 86 \Y, P 26 (44.1%)
M., Lis My, Li4

Note. H,, denotes the number-prefix method which has high situational constraint. M.,
denotes the list-prefix method which has medium situational constraint. M, denotes the
number-tail method which has medium situational constraint. L denotes the list-tail method

which has medium situational constraint.
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Table 19
Distribution of performance patterns among participants (triangulated trace data)
Performance Frequency Performance Frequency

pattern (proportion) pattern (proportion)

1 Hip M 8 (13.6%) 9 Hip Mo 2 (3.4%)
M, Li My, Li¢

2 Hip M 1 (1.7%) 10 sl \Y A 0
M, Li My, Li¢

3 Hip Mo 3(5.1%) 11 Hiop My 0
M, Ly M., L

4 I ko Mo 0 12 Hiop My 8 (13.6%)
My, Ly M., L

5 Hip M, 0 13 Bk \Y 0
Ml—p Ll—t Ml—p Ll—t

6 Hip M, 0 14 Bk Mo 0
M., Lis My, Lis

7 Hip M, 12 (20.3%) 15 i \Y, P 1 (1.7%)
M., Lis My, Li4

8 [ M, 0 16 i \Y, P 24 (40.7%)
Ml-p Ll-t Ml-p Ll-t

Note. H,, denotes the number-prefix method which has high situational constraint. M.,
denotes the list-prefix method which has medium situational constraint. M, denotes the
number-tail method which has medium situational constraint. L denotes the list-tail method

which has medium situational constraint.

Testing Hypothesis 3: Performance Pattern

Hypothesis 3: If participants exhibit the copies model in some but not all task situations

that represent four possible combinations of call structure and parameter type, their successful

performance will be clustered around tasks with higher situational constraints. Performance
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patterns representing such trend should occur more frequently than those contradicting it.

In the untriangulated trace data, 32 participants demonstrated hypothesis-uninformative
performance patterns (6 participants for pattern 1 and 26 participants for pattern 16). These
participants were not included in this analysis, because they did not demonstrate sufficient
variability to permit the evaluation of performance related to situational constraint. As shown
in Table 20, the aggregated observed proportions were 74.1% (20 out of 27) for the
hypothesis-consistent patterns and 25.9% (7 out of 27) for the hypothesis-inconsistent patterns.
An exact test of goodness-of-fit indicated a statistically significant difference between the
observed distribution and the expected distribution, p <.001. Hypothesis-consistent patterns
had 12 more occurrences than predicted by chance, and the hypothesis-inconsistent patterns
had 12 less. One-sided Z-tests indicated that the aggregated proportion of
hypothesis-consistent patterns was significantly higher than expected (z = 4.39, 1-tailed p
<.001), and the aggregated proportion of hypothesis-inconsistent patterns was significantly
lower (z = -4.39, 1 tailed p <.001).

As shown in Table 20, results using the triangulated trace data were very similar. Thirty
two participants demonstrated hypothesis-uninformative performance patterns (8 participants
for pattern 1 and 24 participants for pattern 16) and were excluded from this analysis. The
aggregated observed proportions were 77.8% (21 out of 27) for the hypothesis-consistent
patterns and 22.2% (6 out of 27) for the hypothesis-inconsistent patterns. The exact test of
goodness-of-fit again indicated a statistically significant difference between the observed

distribution and a random distribution, p <.001. Hypothesis-consistent patterns had 13 more
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occurrences than expected, and the hypothesis-inconsistent patterns had 13 less occurrences
than expected. The Z-tests indicated that the aggregated proportion of hypothesis-consistent
patterns was higher than predicted by chance (z = 5.34, 1-tailed p <.001), and the aggregated

proportion of hypothesis-inconsistent patterns was lower (z =-5.34, 1 tailed p <.001).

Table 20
Z-tests for aggregated proportions of hypothesis-consistent patterns and of
hypothesis-inconsistent patterns
Observed Expected
Performance patterns frequency frequency  Residual
(proportion)  (proportion)
Untriangulated trace data

Z p-value
statistics ~ (1-tailed)

Hypo‘[hesis—consisten‘[4 20 (74.1%) 8 (28.6%) 12 4.39 <.001**
Hypothesis—inconsistent5 7 (25.9%) 19 (71.4%) -12 -4.39 <.001**
Triangulated trace data
Hypothesis-consistent 21 (77.8%) 8 (28.6%) 13 5.34 <.001**
Hypothesis-inconsistent 6 (22.2%) 19 (71.4%) -13 -5.34 <.001**

*p <.05, **p <.001

Comprehension-based Model Categorization
Participants’ answers to the program comprehension question were categorized based on
the simplified categorization scheme for mental models of recursion (see Chapter 3). Seventy
percent (42 out of 60) of the participants correctly completed the comprehension task and were

categorized as demonstrating the potential-copies model. Thirty percent (18 out of 60) of the

* Patterns 2,6,7,and 12
> Patterns 3,4,5,8,9,10, 11, 13, 14, and 15
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participants gave incorrect or partial answers and were categorized as demonstrating the
non-copies models.
Stability of the Copies Model

Stability of the copies model was ranked by how frequently the copies model manifested
itself among the four program evaluation tasks and one program comprehension task. As
shown in Table 21, 6 participants (10.2% out of 59) had highly stable copies models, 5
participants’ (8.5%) copies model stability was moderate high, 8 participants’ (13.6%) was
moderate, 11 participants’ (18.6%) was moderate low, 18 participants’ (30.5%) was low, and

11 participants (18.6%) failed to demonstrate the copies model in any of the five tasks.

Table 21
Stability of the copies model ranked by frequency of its manifestation
Frequency of the Copies Stability of the Percentage
. . . Frequency

Model Manifestation Copies Model (n=59)
In all five tasks High 6 10.2%
In all four tasks Moderate high 5 8.3%
In three tasks Moderate 8 13.6%
In two tasks Moderate low 11 18.6%
In one task Low 18 30.5%
In none of the tasks Absence 11 18.6%

Study 2

Identification of the Computer-as-Agent P-Prim
As an a priori theoretical construct, the computer-as-agent p-prim is identified by
examining its expected expressions against three prescribed criteria: self-explanatory,
functional, and context-sensitive. Specifically, mental transaction units were selected for

examination if their initial contextual configurations satisfied the conditions for the
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computer-as-agent p-prim to activate. Then, these selected mental transaction units were coded
as follows: For the self-explanatory criterion, each single mental transaction unit was coded for
the participant’s emotions and linguistic features expressed within the unit. For the functional
criterion, each single mental transaction unit was coded for whether it contributed to
construction of the copies model of recursion. For the context-sensitivity criterion,
interpretations of method invocation were coded and compared against each other within
participants.

Supposition 1

Supposition 1: Interpretations generated by the computer-as-agent p-prim are
characteristic of a sense of intuitive obviousness and satisfaction.

The hallmark of a p-prim’s self-explanatory characteristic is the certainty and
satisfaction expressed in participants’ interpretations of computer programs. These rather
subtle emotions can be detected from participants’ tone and linguistic features. When the
computer-as-agent p-prim operates properly, participants’ tones are firm and clear, and they
use transition words such as “so”, “then”, and “and then” to mark the completion of one
operation and beginning of another one. Participants with various mental models of recursive
function exhibited similar linguistic patterns.

The following two transcript segments show two participants’ evaluation processes of
the same method. The first participant had a robust understanding of recursion, while the

second participant had a poor understanding.
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...... (Unit 1) So first, there is the integer n, and n is the size of the list, so [ know that n is
4, because there are four values in this list...(Unit 2) Then I went on to the IF statement,
so it said if 1 is equivalent to n minus 1, so if 0 is the same as 4 minus 1, which is 3, and
that’s obviously not true, so we don’t do the function that’s under the IF statement, we go
to the else statement...(Unit 3) So it says, it defines two variables, says u is list.get(i),
which means the integer u is goanna be our first value in the list, so I know that u is
goanna be equal to 2. (Unit 4) Then it says that v is goanna be equal the second value in
the list because it’s i+1, the reference value i plus 1 more, so v is goanna be 1 because
that’s the second value in the list...... (participant No.55 evaluating the list-prefix
method)

...... (Unit 1)Well since the list size is 4, [ wrote beside int n is equal to 4. So if n is equal

to 4. (Unit 2 ) Then going to the next statement, the IF statement, 0, which is i, is not

equal to 4 minus 1, because that is 3. (Unit 3) So I go to my else statement, and I get u,

and u is therefore going to be first equal to 0 because it’s list.get 1. (Unit 4) And v is

list.get up once, sovisequalto 1...... (Participant No.7 evaluating the list-prefix
method)

When the computer-as-agent p-prim operated unproductively, many participants still
expressed certainty in their performance. For instance, participant No.7 demonstrated an active
(base case result) model in her evaluation of the list-prefix method. She was positive about her
decision to stop execution after returning base case result: “n is still 4, so 1 is actually this time
equal to 3, so I just write true, and I return the result......as long as it keeps running through it,
that I think the result would equal true.”

Some participants expressed some uncertainty in their performance but could not
pinpoint where things went wrong. It appeared to them that there was no alternative. For
instance, participant No. 14 demonstrated an active (base case result) model in her evaluation
of the number-tail method. She was uncertain about her answer but was unable to point out

what made her feel uncertain:

So this is another one that I don’t know how to do, but basically what it was, I started at
g(10, 3) ...[evaluating invocation g(10, 3), g(10, 2), and g(10, 1)]... I went back to the
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top [invocation g(10, 0)], 10 times O is 0, and then, 0, this IF statement does not apply

anymore because n is equal to 0, and so [ was like, I don’t know what to do now, because

I thought that would be the end of the method. (Participant No.14 evaluating the

number-tail method)

Sometimes, unproductive computer-as-agent p-prim operations generate results that are
inconsistent with general knowledge of programming. For example, a recursive method may
not generate an output in a mistaken evaluation. This result is not consistent with the general
knowledge that a method should have a purpose. This cognitive dissonance generated a need
for explanations or corrections. Some participants were able to indicate dissatisfactory aspects
of their performance but could not find alternative solutions. For instance, participant No.30
also demonstrated an active (base case result) model in her evaluation of the number-tail
method. She knew that she needed to trace back to the original invocation like she did for the
methods with the prefix call structure, but she could not find a way to do that: “...I am
confused on where, like why it stopped...I know I have to get to the initial value [initial
invocation], then I get confused, I plug in back, where you are supposed to do it...”

These observations establish the high cuing reliability of the computer-as-agent p-prim
and further substantiate the self-explanatory characteristic.

The self-explanatory characteristic can also be observed in reverse situations where
participants compare the computer’s behaviors with their predictions. When the computer’s
behavior does not match their predictions—particularly when computer continues execution

after processing the base case—participants often feel bewildered, puzzled, or confused, and

they need explanations for the unanticipated occurrence.
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For instance, participant No.14 demonstrated an active (base case result) model in
evaluation of the number-tail method. She stopped processing after evaluating the base case.
When she saw the standard answer, she could not understand why the computer would
continue processing backward:

...1did 10, 0 [g(10, 0), the base case], I got the product, which is 0, and then, yea, so |

guess I exited it technically instead of keep going back up, but then, I don’t get this part

[pointing the processing after the base case]...... [ don’t understand why it’s printing that.

(Participant No.14 reviewing the standard trace for the number-tail method)

Some participants managed to generate traces reflecting the copies model, however they
did so not because they understood the mechanism but because they memorized examples
from class. When asked to explain the passive flow, they admitted their lack of understanding.
For instance, participant No.4 successfully demonstrated the copies model in her evaluation of
the number-tail method. However, when asked how positive she was about her answer, she
expressed uncertainty and indicated that she did not understand how the computer would
continue executing the printing statements after processing the base case. She did so only
because she remembered the examples that the teaching assistant showed right before the quiz:

...... I wasn’t very sure like...once n does equal to 0, how exactly to go about printing

this statement. Like, is the rest of this [statements after the recursive call] just ignored,

or, because basically it seems like we are only printing out the product [she meant
calculating the product in a previous statement] and ignoring these steps [statements
after the recursive call], but I was pretty [ was right because we’ve done these steps
before [in class], so. (Participant No.4 reflecting on her evaluation of the number-tail
method)

Supposition 2

Supposition 2: Interpretations generated by the computer-as-agent p-prim serve
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participants well in many cases rather than causing problems all the time.

Functionality of the computer-as-agent p-prim is expressed in the relationship between
local interpretations and global outcome. Local interpretations include the interpretations of
original invocation, sub-invocation, non-recursive statement, and recursive statement. These
interpretations are considered productive or unproductive depending on whether they
contribute to the construction of the copies model of recursion.

Non-recursive statement. Interpretations of non-recursive statements are usually
productive, because programming schemas associated with these statements are mostly
structured in agentive format. For example, in an IF statement, the computer evaluates a
condition to determine whether or not to execute the following section of statements. The
conditional statement is the patient, and the decision is the effect. As the following excerpt
shows, as soon as a decision is made, the computer-as-agent p-prim completes its operation
and evaluation proceeds to the next statement: “It says once n is equal to 0, your result should
print 1, so I knew this is 4, and 4 is not equal to 0, so I move to else.” (Participant No.33
evaluating the number-prefix method)

Such interpretations contribute to the generation of the copies model. However, the
contribution is limited, because the traces generated by these interpretations do not
characterize the nested structure of the copies model.

Original invocation. Interpretations of the original invocation are mostly productive.
The invocation specified in the problem statement along with the code of the method usually

activates a process schema of method invocation. That is, the participants were aware that they
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needed to go through all the statements in the method in order to complete the evaluation task.
Some participants would explicitly review each statement of the method before they evaluate
the method with the given inputs, as shown in the following excerpt:

...anew variable of integer type named product is set to equal to m times n, and if n

doesn’t, the exclamation means if n doesn’t equal to 0, then it runs g again, or recurse the

method, this time using m and n minus 1, to initialize the formal parameters, and system
dot out print line, and m and so on so forth, just displaying m times n equals whatever the
product may be... (Participant No.3 evaluating the number-tail method)

Such interpretation contributes to the construction of the copies model. However, it is
not a critical one because evaluation can still go wrong when it comes to recursive statements
and sub-invocations.

Sub-invocation. Interpretations of sub-invocations are frequently unproductive.
Sub-invocations are different from original invocations in that they are specified by the
participants instead of the problem statements. While the participants usually had a clear view
of the original invocation, their understandings of the sub-invocations were rather vague. As
the following interview excerpt shows, the participant successfully traced down to the base
case, but she did not know that there were unfinished operations in each sub-invocation. Such
interpretations significantly hinder the construction of the copies model:

...so I had g of 10 comma 0, and I went back to the top, 10 times 0 is 0, and then, 0, this

IF statement does not apply anymore because n is equal to 0, and so I was like, I don’t

know what to do now, because I thought that would be the end of the method.

(Participant No.14 commenting on his trace for the number-tail method)

Recursive statement. Interpretations of a recursive statement can be productive or not

depending on the nature of the statement. Usually, in prefix methods, the interpretations are
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productive. As the following interview excerpt shows, the statement “result =5 * p (5, 3)” in
the method p activates the computer-as-agent p-prim and a multiplication schema. Since the
multiplier “p (5, 3)” is unknown, a new transaction starts to evaluate “p (5, 3)” while a pending
computer-as-agent p-prim is generated for the statement “result=5 * p (5, 3)”. This pending
computer-as-agent p-prim contributes to the construction of the copies model because it
requires the result of invocation p(5, 3) in order to complete. The following interview excerpt
illustrates this mental process:

It says result, which was initialized earlier, is equal to m, which is 5, times p of m, which

is 5, comma, n minus 1, so 4 is n, so plug in 4, minus 1 is 3. But then we don’t know what

p of 5 comma 3 is. Then we have to go back up to the beginning... (Participant No.25

evaluating the number-prefix method)

However, the computer-as-agent p-prim can be unproductive in prefix methods when the
participants incorrectly interpret the prefix operations. For instance, the statement “result = b
&& q (list, i+1)” in the method q is supposed to activate the logical-AND schema along with
the computer-as-agent p-prim. As the operand “q(list, i+1)” is unknown, a new transaction
should start to evaluate “q(list, i+1)” and a pending computer-as-agent p-prim should be
generated for the statement “result =b && q (list, i+1)”. However, as the following interview
excerpt shows, this activation sequence breaks down because the participant misunderstands
the logical-AND operator as a punctuation sign that divides a single statement into two
separate statements: returning the value of variable b and invoking the method q again.

Accordingly, the computer-as-agent p-prim is activated sequentially for each of the two

mentally carved statements. Such an operation is apparently unproductive.
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...so return false [value of variable b is false], and the arraylist and then the index plus 1,
so that was 1. Yea, I got confused here because I don’t remember if it returned this or if it
waited until the very end to return it, but I just had it returned anyway. But then you went
back did the whole statement again... (Participant No.29 evaluating the list-prefix
method)

Supposition 3

Supposition 3: Interpretations generated by the computer-as-agent p-prim are sensitive
to local context, thus they are likely to change in response to change in local context.

Interpretation of method invocation is the key to construction of the copies model of
recursive function, thus this analysis is focused on the inconsistent interpretations of the
method invocations across three pairs of different contexts.

Inconsistent interpretations of method invocations across tasks. A method invocation,
particularly a sub-invocation generated by a recursive call, has different contextual
configurations in different tasks as these tasks were designed to have unique combinations of
call structure and parameter type. Analysis of the interview data revealed a substantial amount
of inconsistency in the participants’ interpretations of sub-invocations across tasks. As shown
in Table 22, in the number-prefix task these participants interpreted the sub-invocation as a
product generated by a process (product-by-process schema) or a process that generates a
product (process-to-product schema), whereas in the number-tail task they interpreted it as an
entrance to a series of actions (entrance schema) or a process that is composed of a series of

actions (process schema). A similar interpretive pattern appears between the list-prefix task

and the list-tail task.
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Table 22
Inconsistent interpretations of sub-invocations across tasks
Partici Tasks

articipants Number-prefix Number-tail  List-prefix List-tail
No.14 Product-by-process Entrance Product-by-process Entrance
No.39 Product-by-process Entrance Entrance Entrance
No.54 Product-by-process Entrance Product-by-process Entrance
No.24 Process-to-product Entrance Process-to-product Entrance
No.40 Process-to-product Entrance Process-to-product Entrance
No.25 Product-by-process Process Product-by-process Process
No.33 Product-by-process Process Product-to-process Entrance
No.56 Product-by-process Process Product-by-process Process
No.55 Process-to-product Process Process-to-product Process
No.3 Process-to-product Process Process-to-product Process

Inconsistent interpretations of method invocations within a single task. A method
invocation also has two different contextual configurations within a single task. It can be the
original invocation specified by the problem statement, or it can be the sub-invocations
specified by the participants during evaluation. Analysis of the interview data showed some
inconsistency in the participants’ interpretations of these types of method invocations. As
shown in Table 23, the participants interpreted the original invocation as a process, but for the

sub-invocations they would invoke the entrance schema or the product-by-process schema.

Table 23
Inconsistent interpretations of method invocations within a single task

. Contexts
Participants . . ; .

Original invocation Sub-invocation

No.33 Process Product-by-process or entrance
No.14 Process Entrance
No.54 Process Product-by-process or entrance
No.40 Process Entrance
No.25 Process Product-by-process
No.24 Process Entrance

Inconsistent interpretations of sub-invocations. A more nuanced difference in contextual
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configurations exists among sub-invocations within a single task. Although these invocations
are surrounded by almost identical program elements, their temporal sequence varies by when
they are unfolded during evaluation. Analysis of the interview data revealed some
inconsistency in the participants’ interpretations of these temporally different sub-invocations.
As shown in Table 24, although these participants interpreted all the sub-invocations as a
process upon first encounter, only the interpretations of the last one or two invocations

sustained.

Table 24
Unstable interpretations of sub-invocations within a task

Sub-invocations

Participants T o 3 Tasks
No.33 Process* Process Process Number-tail

No.25 Process* Process Process Number-tail and list-tail
No.3 Process* Process Process Number-tail and list-tail
No.55 Process* Process* Process List-tail

Note. *Unstable activation of the process schema.

Schemas of Method Invocation

A set of schemas of the Java method invocation were discovered through examination of
participants’ interpretations of the method invocation in various contexts. These schemas vary
in their approximation to the formal concept of method invocation.
Process Schema

The process schema refers to the view of a method invocation as an integral body
composed of a series of actions. Once a method is invoked, all the actions constituting the
invocation must be completed. This schema sometimes explicitly manifests itself in

participants’ interpretations of the original invocation. For example, participant No.41
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reviewed each statement of the number-tail method before tracing it: ““...so we have public
static void g, ah, something, something...something g m n minus 1, system dot da da da, end IF
statement, and end method, so these two (brackets) go together, these two (brackets) go
together...”

When interpreting the sub-invocations, the process schema usually manifests itself in
implicit ways. As shown in the following excerpts, the process schema is expressed in the
unproblematic transition from completion of the sub-invocation to the next statement in the
calling invocation:

...so this (recursive invocation) finally completes, then because of that, I can go back to

the system, to the print system, and then complete... (Participant No.41 evaluating the
number-tail method)

...so then it goes back to the statement after it said this in the previous one...so that’s
(the recursive call) complete, and now we go to next statement in the IF statement.
(Participant No.56 evaluating the number-tail method)

...and then you are back to where you left off in previous method...and you reach the
print line statement...you reach the end of that method, go back where you were before.
(Participant No. 15 evaluating the number-tail method)

...each time I am running this method, I am not getting to...the printing line...until |
have got all the way to the bottom. (Participant No. 55 evaluating the number-tail
method).
Process-to-Product Schema
The process-to-product schema is a variant of the process schema. It refers to the view of
a method invocation as a series of actions that generate a product. It is commonly expressed in

interpretations of fype methods which indeed return a value, as the following interview

transcripts show:
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...I' want to multiply my m value by whatever this method would give me...... SO once
this method returns 1, it says, alright, basically, this part of the previous method is now
1... (Participant No. 55 evaluating the number-prefix method)

...you have to keep going back to n minus 1...keep going back until it equal 0...when
you got that value...and then you will take this 5 and put it back into the recursion for 5
2, and you just keep bring this number back up here. (Participant No.39 evaluating the
number-prefix method)

...the result is goanna be the first number, which is 5, times the method, using 5 and 3
this time...now we have 5 times the method of 5 and 2...you need to plug it into this one
I did...here is where you plug it into... (Participant No.40 evaluating the number-prefix
method)

...the result is goanna be 5 times p 5 3, and we need to know the result of p 5 3...the
result is goanna be 5 times p 5 2, obviously we need to know the value of p 5 2...
(Participant No.54 evaluating the number-prefix method)

Product-by-Process Schema

The product-by-process schema refers to the view of a method invocation as a product
generated by a series of actions. It differs from the process-to-product schema in that it centers
on the product rather than the process. This schema is often expressed in interpretations of type
methods which return values. Sometimes, it shows in the declarative content clauses used to
refer to the recursive call, as shown in the following excerpts:

...ok I need to figure out what 5 times 3 is, so [ went back through it...so I still don’t

know what p of 5 comma 2 was, so I gotta figure that out...I still don’t know what p of 5

comma 1 was, so I put, I was like ok I need to figure that out... (Participant No.14
evaluating the number-prefix method).

...but then we don’t know what p of 5 comma 3 is, then we have to go back up to the
beginning...and then you do it again, because you still don’t know what p of 5 comma 1
is... (Participant No.25 evaluating the number-prefix method)

Sometimes, the product-by-process shows in the verb used with the recursive call. For

example, participant No.12 said: “I was just trying to_find p of 5 4...and then I got 5 times the
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invocation of 5 3, and then from there, I still couldn’t figure that out...and then couldn’t figure
out that one yet.”

Occasionally, the product-by-process schema also manifests itself in interpretations of
void methods, even though void methods do not actually return any value. As shown in the
following interview excerpt, the participant believed that the void method invocations generate
products that can be somehow combined together:

...I'was trying to find 10 and 3...... and then you take...g of m and n-1...so that would

be those 10 time 2 is 20...then you would be 10 times 1...... so [ have 20, and from 20 I

get 10 and 0, and then I don’t understand how they would work exactly... (Participant

No.12 evaluating the number-tail method)

Entrance Schema

The entrance schema refers to the view of a method invocation as an entrance to a series
of actions. It fundamentally differs from the process schema. In this entrance schema the
actions may be completed or not depending on where the exit is located, whereas in the process
schema all the actions must be completed because the actions constitute an integral body. The
expressions of this entrance schema are subtle. The participants use informal phrases such as
“do”, “go back to”, and “take” to describe invoking of a method, and their descriptions convey
a sense of locating the next statement to be evaluated rather than invoking a method as a whole
process:

...then you do g of 10 comma 2...so then I would.do g of 10, 1, so go back to the top...so

I had g of 10 comma 0, and I went back to the top... (Participant No. 14 evaluating the
number-tail method)

...you have to keep going back to when n equals 2, and when n equals 1... (Participant
No.39 evaluating the number-tail method)

www.manaraa.com



114

...so we are going to take 10 and 2, up here again...so we go back to the top, now we are
working with 10 1...do this again, but with 1 less than 1... (Participant No.40 evaluating
the number-tail method)

Variable-Updater Schema

The variable-updater schema refers to the view of a method invocation as updating
values of the variables held in the parentheses. It is occasionally expressed in the
interpretations of the void methods in which a recursive call alone constitutes a statement. As
the following excerpts show, the participants took the “updated” the variable values to the
printing statement following the recursive call:

...... so n wasn’t equal to 0, so I just, it becomes g 10 and then 3-1, so g 10 2, so after

you’ve done that statement, it goes ahead and print this out...so that would be m which is

10, times, n which is 2, and then it wanted the product...(Participant No.29 evaluating
the number-tail method)

...invoke the statement of g m n minus 1...m will always be 10, but n minus 1 would be
2, and you should print out the statement of 10 times 2 equals to product of 20...
(Participant No.7 evaluating the number-tail method)

Interviewer: you got product m times n, which is 30, right? And I would assume that you
are goanna to print out 10 multiply 3 equals to 30, so tell me why you wrote down 2
instead? Participant: did it change right here? Subtract by 1? (Participant No.34
evaluating the number-tail method)
Mathematical-Parentheses Schema
The mathematical-parentheses schema refers to the view of the method invocation as a
mathematical operation in which the parentheses represent order of operation. This schema is
occasionally expressed in interpretations of the method invocation with a prefix operation. As

the following interview excerpt shows, participant No.34 mistakenly evaluated the recursive

statement as if performing mathematical calculation: “...since you get n minus 1, you get 3, so
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I added them, then multiply them to reach 40.”
Relationship with the Formal Concept of Method Invocation

Among these schemas (summarized in Table 25), the process schema is equivalent to
the formal concept of method invocation, while the mathematical-parentheses schema is
completely out of touch with this concept. Other schemas represent different aspects of the
formal concept of method invocation. The process-to-product schema and product-by-process
schema only apply to the type methods which return values. The entrance schema only takes
the “invoking” facet of method invocation. The variable-updater takes the “changing

parameter value” facet of method invocation.

Table 25
Schemas of method invocation
Schemas Schematization Operation

an integral body composed =~ Work through a series of actions from
Process i . o

of a series of actions beginning to the end

a series of actions that Work through a series of actions from
Process-to-product generate a product the beginning to the end and obtain a

product

product-by-process a product generated by a Obtain a product by working through

series of actions a series of actions

an entrance to a series of Enter a series of actions, may exit in
Entrance . . . .

actions the middle if an exit is present

value changing operation Update values of the variables held in

Variable-updat
ariable-updater the parentheses

Part of a mathematical Imposes order of operation to the

operation in which the assumed mathematical operation
Parentheses

parentheses represent order

of operation

Other Model Relevant Programming Schemas

Many participants also had misunderstandings of some of the non-recursive function
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elements. Most of these misunderstandings do not affect the construction of the copies model.
For instance, several participants misunderstood the method “u = list.get (1) as assigning
variable u with the value of variable i. This mistake may lead to a wrong answer but does not
affect the structure of a trace. There is only one instance where a participant’s
misunderstanding of a non-recursive function element potentially affected whether she would
construct the copies model. This problematic element is the logical-AND operator (i.e., double
ampersand “&&”) in the list-prefix method. Because one of its operands is the recursive call,
when participants correctly understand its meaning, they infer that the recursive call should
return a Boolean value (i.e., the product-by-process schema). However, when they
misunderstand it, they lose the opportunity to infer what the recursive call represents. As a
result, they may invoke unproductive schemas of method invocation.

The alternative schemas of logical-AND operator are listed in Table 26. The connection
schema is a view of the logical-AND operator as a function to connect two elements for display.
The punctuation schema is a view of the logical-AND operator as a punctuation sign between
two sub-statements. Neither of these two alternative understandings can remind the

participants that the recursive call will return a Boolean value.
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Table 26
Alternative schemas of the logical-AND operator

Schemas && represents... Actions generated by the schema
. The logical-AND
Logical And ©opied Check whether both operands are true
operator
. Connection between two L
Connection Connect two elements in display
elements

Punctuation between two  Complete the first half of a statement

Punctuation
statements and then move onto the other half.

Coordination between Computer-as-Agent and Process-related Schemas

Three major modes of coordination between the computer-as-agent p-prim and the
process-related schemas—unconditional coordination, conditional coordination, and
incoordination—emerged from examining knowledge activation patterns throughout and
across the four tasks with varying levels of situational constraint. These modes are
differentiated by two mental transaction features: 1) whether instantiated computer-as-agent
p-prim activates the process-related schemas; 2) if it does, whether the activation is
unconditional or relies on contextual configuration shaped by the task features. The
unconditional coordination mode and conditional coordination mode also have subcategories
differentiating the stability of coordination between the computer-as-agent p-prim and the
process-related schema. If coordination persists through the evaluation process, the mode is
labeled as stable. Otherwise, the mode is labeled as unstable. The following sections present
three sets of detailed description of each mode and analysis of critical mental transaction units

for representative cases.
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Incoordination Mode

Incoordination mode describes the following situation: the computer-as-agent p-prim
does not activate the process-related schemas in all tasks or only does so in the high-constraint
task. It either coordinates with the entrance schema or other idiosyncratic schemas of method
invocation. Table 27 shows the 9 participants whose coordination modes are categorized as

incoordination.

Table 27
Incoordination mode—lack of coordination between the computer-as-agent p-prim and the
process-related schemas

Tasks

Partici t

aruvipatits Number-prefix List-prefix Number-tail List-tail
No.34 Other Other Other Other
No.16 Entrance Entrance Entrance Entrance
No.60 Process* Entrance Other Other
No.58 Process* Entrance Other Other
No.29 Process* Entrance Other Other
No.57 Process* Other Entrance Other
No.42 Process* Entrance Entrance Entrance
No.24 Process* Entrance Other Entrance
No.7 Process* Entrance Other Entrance

Note. * denotes unstable coordination

Participant No. 16 exemplifies a special case in which the computer-as-agent p-prim
consistently activates the entrance schema for all tasks. Participant No.34 exemplifies another
special case in which the computer-as-agent p-prim only activates other schemas even in the
high-constraint task. For instance, when participant No.34 evaluated the recursive call in the
number-prefix method, he simply ignored the method name and turned the recursive call into a
mathematical operation (see Figure 9). It was clear that this mistake was not due to an

oversight of the method name, because he had consistently misinterpreted the recursive call
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throughout the quiz.

wihith 72 5 calinial
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Yo be 50(5[‘3 05 equal o ()\S‘V)) - 40

Figure 9. Participant No.34’s evaluation of the number-prefix method.

For most participants in this category, the computer-as-agent p-prim only unstably
activates the process-related schemas in the high-constraint task, and it tends to activate the
entrance or other schemas in medium- or low-constraint tasks. The following section presents
analysis of critical mental transaction units for a case representative of this kind.

Overview of case No.7. Participant No.7’s traces are categorized as a bottom up model, a
step model, an active (output from all) model, and an active (output from all) model for the
number-prefix method, number-tail method, list-prefix method, and list-tail method,
respectively. Her interview transcript, however, suggests that she meant to demonstrate the
active (base case result) model for the list-prefix method. Either way, she failed to demonstrate
the copies model in any of the tasks, suggesting failed coordination between the
computer-as-agent p-prim and the process-related schemas. To illustrate, the following two
sections present two sets of mental process description and analysis of the critical mental

transaction units, one for the list-prefix method, and the other for the list-tail method.

Incoordination in medium-constraint task. Participant No.7’s evaluation of the list-prefix
list-prefix method was incorrect. As shown in Figure 10, her answer was “true”. Her trace was
categorized as an active (base case result) model (See
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Appendix 5 for the complete transcript). She successfully evaluated the statements
above the recursive call except a minor misunderstanding of the method list.get (i) and
list.get(i+1). Instead of obtaining the list’s elements whose indices are i and i+1, she
mistakenly obtained the given values of 1 and i+1 for variable u and variable v. When she
moved down to the statement involving the recursive call “result=b&&q(list, i+1)”, her initial
report was unclear as to her intention with the double ampersand sign: “And I report the result,
true, and also reinvoke the method of q list i plus 1. And then you go back down.” Her report
about this code line in the second invocation clarified her intention: “And then I reinvoke the
statement because the result is true, reinvoking the list i plus 1.” She completely ignored the
logical-AND operator and assumed that this statement would reinvoke the method q when b
was evaluated to true. She proceeded to the last invocation q(a, 3), correctly evaluated the IF

statement, determined the result as true, and then decided to exit the function.
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public static boolean g( ArrayList<Integer> list, dnt i ) {
boolean result; 2 - g -

int n = list.size();

if (i==n-1) {
result = true;

}

else |
int u = list.get( i );

int v = list.get( i + 1 );

boolean b = ( u <= v ); -

result = b && q( 1list, 1 + 1 );
} Lé
return result;

)

Suppose ais an ArrayList<Integer> whose element valuesare [2, 1, 3, 8]. What value

does invocation q( a, 0 ) return? Please show how you arrived at your answer,
¢ X Y xQ 4 Q ¥ ¢ !
O 1 0OY. . Q. u>vtn agualling |\ Q
[ ( ‘- \!
econcQ o C < | 34 0 ) b anvcl ¥ Ly nuott {

Figure 10. Participant No.7’s trace for the list-prefix method.

Despite her misunderstanding of the method list.get(i) and ignorance of the logical-AND
operator, her thought process represents a typical active model of recursion. The three mental
transaction units processing the statement “result = b && q(list, i+1)” in the first three
invocations were critical to generating the active model. Figure 11 shows a schematic diagram
of one of these critical units. At the beginning of the q(a, 3) mental transaction unit, she
focused on the statement “b&&q(list, i+1)”. Meanwhile, she held in her short-term memory
the information that the value of variable b was true and the value of variable i was 2. These
three pieces of information were quickly transformed to a sensory input “true && q(a, 3)”,
which in turn activated and instantiated the computer-as-agent p-prim. The logical-AND
operator was completed ignored. One of the operands “true” activated the “conditional”
schema. The other operand “q(a, 3)” activated the entrance schema. The former allowed the

latter to operate and fed p-prim’s result slot with “enter”. As a result, she redirected her
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attention to the top of method q to enter invocation q(a, 3). This mental transaction unit did not
leave any pending p-prim operation. Accordingly, she decided to exit the function after
determining that the IF statement in invocation q(a, 3) was true and the result was true.
Throughout the evaluation process, her computer-as-agent p-prim was unconditionally
coordinated with the entrance schema. There was no sign of unconditional or conditional

coordination with the process related schemas.

i
" | boolean result; !
1 v smsniminams sopmia i mammeeyimel
i
i
1 | SESECRER S — e bers e barons . P et et s ool )
: Y

1

X LlE==a-1( |
| computer |process| true | &8 3) | enter ] et Arie

; else {
1 intu = list.get (i);

i1 intv = list.get (i+1);
boolean b=(u<=v);

result = b &8& q(list, i+1);

E true && q(a, 3)
s

enter q(a, 3) by
directing

attention to the

top of method

"b = true”, "i = 2"
in STM

| | return result;

~ write a note

Figure 11. Schematic diagram of participant No.7’s mental transaction unit of “true&&q(a,
3)”.

Incoordination in low-constraint task. No.7’s evaluation of the list-tail method was incorrect.
incorrect. As shown in Figure 12, her answer was “0 false, 1 false, 2 false”. Her trace was
categorized as active (output from all) model (See
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Appendix 5 for the complete transcript). She successfully evaluated the statements
above the recursive call except a minor misunderstanding of the method list.get (i) and
list.get(i+1). Instead of obtaining the list’s elements whose indices are i and i+1, she
mistakenly obtained the given values of i and i+1 for variable u and variable v. When she
moved down to the statement m(list, i+1), her initial report was unclear as to her intention:
“And then m list 1 plus 1, it would give you 1.” She passed the recursive call, moved down to
the printing statement, and predicted what the computer would print for this invocation. At this
moment, she did not recognize that she confused the sequence of the recursive call and the
printing statement. Then she glanced at her trace and said: “And I don’t know why I made it
run through it again. I wrote out the other two values down.”

She appeared to realize that invoking the method after the printing statement did not
agree with the codes. Then she continued to explain that the computer would print the value of
1 and the value of b for each invocation. The value of i incremented by 1 every time, and the
value of b was false all the time. As she moved to invocation m(b, 3), she correctly evaluated

the IF statement as false and decided that the execution would end at this point.
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public static void m( ArrayList<Integer> list, int i ) {
int n = list.size(); - - (6

if k<=5l A

int u = list.get( i );
int v = list.get( i + 1 ); \ WO
boclean b = ( u == v );

m{ list, 1 + 1 ); )
System.out.printin( i + " " + b );

Suppose bisan ArrayList<Integer> whose element values are [5, 7, 4, 8]. What output
does invocation m( b, 0 ) produce? Please show how you arrived at your answer.

O Calse

Figure 12. Participant No.7’s evaluation trace for the List-tail method.

Despite her misunderstanding of the method list.get(i) and confusion of the code
sequence, her thought process represents a typical active model of recursion. The three mental
transaction units processing the statement m(list, i+1) in the first three invocations were critical
to generating the active model. Figure 13 shows a schematic diagram of one of these critical
units. At the beginning of the m(b, 3) mental transaction unit, she focused on the statement
“m(list, i+1)”. Meanwhile, she held in her short-term memory the information that the value of
variable 1 was 2. These two pieces of information were quickly transformed to a sensory input
m(b, 3), which in turn activated and instantiated the computer-as-agent p-prim. The patient
component “m(b, 3)” activated the entrance schema, which in turn fed p-prim’s result slot with
“enter”. As a result, she redirected her attention to the top of method m to enter invocation m(b,
3). This mental transaction unit did not leave any pending p-prim operation. Accordingly, she

decided to exit the function after determining that the IF statement in invocation m(b, 3) was
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false. Throughout the evaluation process, her computer-as-agent p-prim was unconditionally
coordinated with the entrance schema. There was no sign of unconditional or conditional

coordination with the process-related schemas.

| b T
: m(b, 3) is an entrance to 1T e d:
; 4 Lif(3<4-1) ;
j 0 intu=listget@;
i f| 1 intv = list.get (i+1); .
i boolean b = (u == v);
! m(list, i+1); .
i | | System.outprintin (i + " " + b); i
. |computer [process| m(b, 3) | enter iy i
' ittt | e | e | e i :} |
f mib, 3)
: * enter m(b, 3) by
" ni i ) directing attention to

—*> in STM the top of method m
2\ J
b @ )

i, ‘
;. J

Figure 13. Schematic diagram of participant No.7’s mental transaction unit m(b, 3).

Conditional Coordination Mode

Conditional coordination mode describes the following situation: The
computer-as-agent p-prim does not unconditionally coordinate with the process-related
schemas of method invocation. Specifically, pending p-prim operation is absent in medium- or
low-constraint tasks. Coordination occurs only in certain situations which can shape contextual
configuration to promote the activation of the process-related schemas. Thus, the

categorization criterion: in addition to coordination in the high-constraint task, coordination
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also occurs in one or two but not all of the medium- or low-constraint tasks. The coordination
is considered unstable if it does not persist through in two or more tasks.

Table 28 shows 9 participants whose coordination modes are categorized as conditional
coordination. Five of them also showed unstable coordination. The following section presents

analysis of critical mental transaction units for a case representative of this category.

Table 28
Conditional coordination mode
Partici Tasks

articipants Number-prefix List-prefix Number-tail List-tail
No.55 Process Process Process Entrance
No.14 Process Process Entrance* Process*
No.12 Process Process Process* Entrance
No.54 Process Process Process* Entrance
No.39* Process Process* Process* Entrance
No.30* Process* Process* Entrance Process*
No.6* Process* Process* Entrance Process*
No.13* Process* Process* Entrance Entrance
No.10* Process* Entrance Process* Process*

Note. * denotes unstable coordination.

Overview of case No.14. Participant No.14’s traces were initially categorized as copies
model, active (base case result) model, shortcut model, and active (revert to second last) model
for the number-prefix method, number-tail method, list-prefix method, and list-tail method,
respectively. Her interview transcript, however, suggested that she would have demonstrated
the copies model for the list-prefix method if shortcut evaluation was not allowed.

Participant No14’s performance pattern is in line with the hypothesis 1 made based on
the computer-as-agent p-prim conjecture. She demonstrated the copies model in the two prefix

methods but not in the two tail methods. The reason for the inconsistent performance seems to
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lie in the different levels of constraint that the two types of call structure impose on the
computer-as-agent p-prim. To illustrate this point, the following two sections present two sets
of mental process description and analysis of the critical mental transaction units, one for the
number-prefix method, and the other for the number-tail method.

Conditional condition in medium-constraint task. No.14’s evaluation of the number-tail
method was incorrect. As shown in Figure 14, her answer appeared on the quiz sheet was
“10*0=0". She explained in the interview that she intended to output nothing. Either way, her
thought process would be categorized as active (base case result) model (See Appendix 6 for
the complete transcript). She successfully evaluated all the statements above the recursive call.
When she moved down to the recursive call, she also correctly invoked the method with new
parameter values. However, when she got to the IF statement in the last invocation, she decided
to exit the function without returning to the previous invocations: “And then 0, this IF
statement does not apply anymore because n is equal to 0. So I was like, I don’t know what to

do now, because I thought that would be the end of the method.”
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Figure 14. Participant No.14’s trace for the number-tail method.

The three mental transaction units processing the recursive call in the first three
invocations were critical to generating the active model. Figure 15 shows a schematic diagram
of one of these critical units. At the beginning of the g(10, 0) mental transaction unit, she
focused on the note “g(10, 0)” that she wrote after evaluating the IF statement in invocation
g(10, 1). This note directly became the sensory input, which activated and instantiated the
computer-as-agent p-prim. The patient component “g(10, 0)” activated the entrance schema,
which in turn fed p-prim’s result slot with “enter”. As a result, she wrote another “g(10, 0)” on
a separate line and redirected her attention to the top of method g to enter invocation g(10, 0).

This mental transaction unit did not leave any pending p-prim operation. Therefore, she
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decided to exit the function after determining that the IF statement in invocation g(10, 0) was
false. Throughout the evaluation process, her computer-as-agent p-prim was unconditionally
coordinated with the entrance schema. There was no sign of unconditional or conditional

coordination with the process-related schemas.

E B~~~ -.E Eg(lO, 0){ -
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print "m*n=product”
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the top of method g
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' = g

Figure 15. Schematic diagram of participant No.14’s mental transaction unit g(10, 0).

Conditional coordination in high-constraint task. No.14’s evaluation of the
number-prefix method was correct. As shown in Figure 16, her trace was categorized as the
copies model. Her interview transcript also confirmed the copies model manifestation (See
Appendix 6 for the complete transcript). Every time she encountered the statement involving
the recursive call, she particularly noted the need to obtain the value of the recursive call before

processing the statement:
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Then I got else [statement]. The result equals m*p(m, n-1), so that would be, so for p(5,
4) would be 5 * p(5, 3). So then I was like, OK, I need to figure out what p(5, 3) is. So I
went back through it...... So I still don’t know what p(5, 2) is, so I gotta figure that
out...... I still don’t know what p(5,1) was, so I put, I was like, OK, I need to figure
that out...... And then p(5,0). (Participant No.4 evaluating the number-prefix method)

Figure 16. Participant No.14’s evaluation trace for the number-prefix method.

The three mental transaction units processing the statement m*p(m, n-1) in the first three
invocations were critical to generating the copies model. Figure 17 shows a schematic diagram
of the last unit 5*p(5, 0). At the beginning of this unit, she focused on the note “5*p(5, 0)” that
she wrote after evaluating the IF statement in invocation p(5, 1). This note directly became the
sensory input, which activated and instantiated the computer-as-agent p-prim. The patient
component features a multiplication operator and two operands “5” and “p(5, 0)”. The
multiplication operator activated the schema that multipliers must be numerical values. This
active schema shaped the contextual configuration in the way that the unknown operand p(5, 0)

was likely to activate a schema aligned with the prescribed category (i.e., numerical value). In
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this case, p(5, 0) activated the product-by-process schema, which means the No.14 viewed the
recursive call as a value produced by a series of actions. This product-by-process schema could
not fill p-prim’s effect slot, so it required actions to diverge. On one hand, she stored the
pending p-prim operation in her short-term memory. On the other hand, she embarked on
evaluation of invocation p(5, 0) to obtain its value. Once she got the value of p(5, 0),
application of the product-by-process schema was complete, which allowed the pending
p-prim operation to reactivate and reinstantiate with updated information. The p-prim
operation completed with a simple multiplication. Then she wrote a note “=5*1=5" beside the

previous note “5*p(5, 0)”.

<product by process> { _ <product by process>
_I'bzms, ox ;

¢ int result

. multiplier is a .‘; : i t.
:“ \ ¢ L if (n==0) { .

|| computer [process| 5 | * |p(5,0) ? result =1 computer process| 5 | * L " _5,__
&Hh—‘éh—ﬁ_w‘_— i1 - Q — A
p(5.0) i result =m*p(m, n-1); | RGO P
o 1 f
i ) e
store pending '\ | "o i pending p-prim | . o)
p-prim operation | * operation 5*p(5, Pin's'rr;
5'p(5, 0) in STM /| i\ 0) in STM
i
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s iy

Figure 17. Schematic diagram of participant No.14’s mental transaction unit for “5*p(5, 0)”.

Unconditional Coordination Mode
Unconditional coordination mode describes the following situation: The

computer-as-agent p-prim unconditionally coordinates with the process-related schemas.
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Specifically, pending p-prim operation is present in tasks with various levels of situational
constraint. Thus, the categorization criterion is that coordination occurs in all the tasks. The
coordination is considered unstable if it does not persist through in one or more tasks.

Table 29 shows 10 participants whose coordination modes are categorized as
unconditional coordination. Four of them also showed unstable coordination. The following

section presents analysis of critical mental transaction units for a case representative of this

category.
Table 29
Unconditional coordination mode
Partici Tasks

articipants Number-prefix List-prefix Number-tail List-tail
No.4 Process Process Process Process
No.15 Process Process Process Process
No.41 Process Process Process Process
No.52 Process Process Process Process
No.53 Process Process Process Process
No.56 Process Process Process Process
No.3* Process Process Process* Process*
No.25* Process Process Process* Process*
No.40* Process Process Process* Process*
No.33* Process* Process Process* Process*

Note. * denotes unstable coordination

Overview of case No.56. Participant No.56’s traces were all categorized as copies model.
Her interview transcript also confirmed the model categorization. The reason for her consistent
performance seems to lie in unconditional coordination between the computer-as-agent p-prim
and the process schema. To illustrate this point, the following two sections present two sets of
mental process description and analysis of the critical mental transaction units, one for the

number-prefix method, and the other for the number-tail method.
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Unconditional coordination in medium-constraint task. No.56’s evaluation of the
number-tail method was correct. As shown in Figure 18, her trace was categorized as the
copies model. Her interview transcript also confirmed the copies model manifestation (See
Appendix 7 for the complete transcript). She invoked the method every time she encountered
the recursive call. After correctly evaluating the base case, she clearly returned to the printing
statement in the previous invocation: “So then it goes back to, uh, the [printing] statement after
it said this [g(10, 0)] in the previous one, so this one [pointing to g (10, 1)].” She further
explained this decision: “When g(10, 1) said to go to g(10, 0), we did that, so that’s complete,
and now we go to next statement in the IF statement.” It is clear that she viewed g(10, 1) as a
process comprised of a series of actions, the major actions being the recursive call and the
printing statement. She repeated this step until she returned to the original invocation and
printed the last line “10*=30".
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pelisis i Gl T Ot D f B
{ Ll s rq e / Pr\(‘* “
:
s b %= 50 \
P 00w 5 a (\0,0) | \
/u = C J O )

Figure 18. Participant No.56’s evaluation trace for the number-tail method.

The three mental transaction units processing the recursive call in the first three

invocations were critical to generating the copies model. Figure 19 shows a schematic diagram
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of the last unit g(10, 0). At the beginning of this unit, she focused on the note “g(10, 0)” that she
wrote after evaluating the IF statement in invocation g(10, 1). This note directly became the
sensory input, which activated and instantiated the computer-as-agent p-prim. The patient
component “g(10, 0)” unconditionally activated the process schema, which means the
participant viewed the recursive call as a series of actions. This process schema could not fill
p-prim’s effect slot, thus requiring actions to diverge. On one hand, she stored the pending
p-prim operation in her short-term memory. On the other hand, she embarked on evaluation of
invocation g(10, 0). Once she completed evaluation of g(10, 0), application of the process
schema was complete, which allowed the pending p-prim operation to reactivate and

reinstantiate with updated information.

<E ocess> i ! <irocess>

: ;Lproduct=10*0= 10

L (0=0) { :
Cgman .
computer |process 9(10, O) 2 1 print "m*n=product” comsuur process g(10.0) finish
. i
£ e

9(10, 0) 9(10, 0)

store pending
p-prim operation
g(10, 0) in STM

pending p-prim

operation g(10, 0)
in STM

Figure 19. Schematic diagram of participant No.56’s mental transaction unit of “g(10, 0)”.

Unconditional coordination in high-constraint task. Participant No.56’s evaluation of

the number-prefix method was also correct. As shown in Figure 20, her trace was categorized
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as the copies model. Her interview transcript also confirmed the copies model manifestation
(See Appendix 7 for the complete transcript). She invoked the method every time she
encountered the recursive call: “So then I had an invocation that said p (5, 3). And since I don’t
know what p (5, 3) is, | had to go back and do the same steps I just did.” After correctly
evaluating the base case, she returned to previous invocations and completed the calculation:
“So now I have result equal to 1, and that means I can go back and plug in p(5, 0) into equation
above it where [ used it in p(5, 1).”

Although participant No.56 also viewed the recursive call as representing a value or
product as participant No.14 did, there is a subtle difference between the two. While No.14
viewed a method primarily as a product and secondarily as a process, No.56 viewed a method
primarily as a process and secondarily as a product. She explained this point well when asked
to explain the mechanism of the passive flow:

When you run, like, p(5, 1), it stopped in this position after result [pointing to p(5, 0)]. It

never returned anything because it didn’t know what p(5, 0) was. So once you find out

what p(5, 0) is, it starts where it needed to diverge off, and then it finishes. (Participant
No.56 evaluating the number-prefix method)
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Figure 20. Participant No.56’s evaluation trace for the number-prefix method.

The three mental transaction units processing the statement m*p(m, n-1) in the first three
invocations were critical to generating the copies model. Figure 21 shows a schematic diagram
of the last unit 5*p(5, 0). At the beginning of this unit, she focused on the note “5*p(5, 0)” that
she wrote after evaluating the IF statement in invocation p(5, 1). This note directly became the
sensory input, which activated and instantiated the computer-as-agent p-prim. The patient
component “p(5, 0)” unconditionally activated the process-to-product schema, which means
the participant viewed the recursive call as a series of actions that produces a value. This
process-to-product schema could not fill p-prim’s effect slot thus required actions to diverge.

On one hand, she stored the pending p-prim operation in her short-term memory. On the other
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hand, she embarked on evaluation of invocation p(5, 0). Once she got the value of p(5, 0),
application of the process-to-product schema was complete, which allowed the pending p-prim
operation to reactivate and reinstantiate with updated information. The p-prim operation
completed with a simple multiplication. Then she replaced the note “p(5, 0)” with “1” and

wrote out the result “=5".
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+ else { 5+n(5, 0 " _1"
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Figure 21. Schematic diagram of participant No.56’s mental transaction unit of “5*p(5, 0)”.

Distribution of Coordination Modes
As shown in Table 30, the three major coordination modes are evenly distributed among

the Study 2 sample. The stable and unstable modes are also evenly distributed within the major

categories.
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Table 30

Distribution of coordination modes

Coordination modes Frequency (proportion)

Unconditional coordination 10 (36%)

- Stable - 6(21%)

- Unstable - 4 (14%)

Conditional coordination 9 (32%)

- Stable - 4 (14%)

- Unstable - 5(18%)

Incoordination 9 (32%)

Total 28
Integrated Analyses

Cross-validation

The purpose of cross-validation is to examine the assumptions made in Study 1
regarding task design. In Study 1, situational constraint was estimated using two task
dimensions (i.e., parameter type and call structure) that were previously shown to influence
participants’ performance in different ways. The trace data themselves cannot fully reveal the
actual mechanism underlying situational constraint. The interview data revealed nuanced
processes through which interaction between the participants and the tasks generated
situational constraint.

Among the 28 interview participants, 10 performed inconsistently across the tasks. Of
these, 6 participants used the process-related schemas in the prefix tasks but the entrance

schema in the tail tasks (see Table 31).
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Table 31
Six interview participants used different schemas of sub-invocations for prefix tasks and tail
tasks

.. Tasks

Participant Number-prefix Number-tail list-prefix List-tail
No.14 Product-by-process  Entrance Product-by-process  Entrance
No.54 Product-by-process  Entrance Product-by-process  Entrance
No.40 Process-to-product Entrance Process-to-product Entrance
No.24 Process-to-product Entrance Process-to-product Entrance
No.39 Product-by-process  Entrance - -

No.33 - - Process-to-product Entrance

Participants’ reports of their evaluation processes clearly reflect how the prefix call
structure and tail call structure differentially influence their interpretations of the
sub-invocations. In the prefix methods, sub-invocations are components of recursive
statements. Participants’ interpretations of the recursive statements appear to directly influence
how they interpret sub-invocations. After specifying a recursive statement with variable values,
they often immediately note the need to obtain the value for the sub-invocation component.
Taking participant No.14 as an example, her interpretation of the recursive statement “result =
m * p (m, n-1)” in the number-prefix method prescribes that the sub-invocation “p (m, n-1)" is
a numerical value, an attribute that favors the product-related schemas:

...the result equals 5 times p of 5 comma 3, so then [ was like ok I need to figure out

what 5 times 3 is, so I went back through it...... the result is 5 time p of 5 comma 2, so [

still don’t know what p of 5 comma 2 was, so I gotta figure that out...... Ididpof5

comma 2 equals 5 times p of 5 comma 1, I still don’t know what p of 5 comma 1

was...... (participant No.14 evaluating the number-prefix method)

However, when she evaluated the number-tail method, the sub-invocations consistently

activated the entrance schema instead:
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...Istarted at g of 10 comma 3...... then you do g of 10 comma 2...so I went through
back at 10 times 2 at the top...... so then I would do g of 10 1, so go back to the
top...... so I had g of 10 comma 0, and I went back to the top, 10 times 0 is 0, and then, 0,
this if statement does not apply anymore because n is equal to 0, and so I was like, [ don’t
know what to do now, because I thought that would be the end of the method.
(participant No.14 evaluating the number-tail method)

In contrast, of the 10 interview participants who performed inconsistently across the
tasks, only one of them (participant No.39) used different schemas for the number tasks and the
list tasks. When asked why she evaluated the number-prefix method and the list-prefix
differently, participant No.39 thought for a while and then vaguely noted that it was
unnecessary to return results to calling invocations in the list-prefix method as it was necessary
to do so in the number-prefix method:

...hmmm, because, because in this one (number-prefix method)...you are taking m and

you are multiplying it by the recursion, uh... you need that value in order to multiply

together. And this one (list-prefix method), you have, you can get i, you can get i plus 1,

so you run through the whole thing, don’t have to kind of get the previous values to

getting this one (participant No.39 explaining difference in her performances on the
number-prefix task and the list-prefix task).

It appears that she perceived the logical-AND operator in the list-prefix method
differently from the multiplication operator in the number-prefix method. The source of
situational constraint appears to be the participant’s differential familiarity with the number
domain and the Boolean domain, not the differential familiarity with the number domain and
the list domain.

Following this clue, additional analysis is focused on participants’ interpretations of the

logical-AND operator in the list-prefix method. As the results reveal, participants’

interpretations of the logical-AND operator had substantial impacts on their interpretations of
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sub-invocations. Nine participants® treated the logical-AND operator as a conjunction sign

that connect two elements, two participants’ treated it as a part of the output, and one

participant® treated it as a punctuation sign without a substantive function. All these mistakes

consequentially eliminated the need to return results to calling invocations. Three of these

participants could have performed well if they understood the logical-AND operator, given

that they demonstrated the copies model in evaluation of the number-prefix method.
Supposition 4

Supposition 4: Stability of the copies model is associated with coordination mode. The
more coordinated the operation of the computer-as-agent p-prim, the more stable the copies
model will be.

As shown in Table 32, the copies model is highly stable when p-prim operates in the
unconditional coordination mode. Its stability is minimal when p-prim operates in the
incoordination mode. When p-prim operates in three other modes, the copies model stability
varies from absent to moderate. The result of Fisher’s exact test is p <.001, indicating that

coordination modes are significantly associated with stability of the copies model. A

6 Participant No.7, No. 17, No.24, No.29, No.35, No.42, No.47, No.50, No.60
7 Participant No.19 and No.34
¥ Participant No.59
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Spearman's Rank Order correlation indicates a strong, positive correlation between

participants’ coordination modes and the stability of their copies model (r,= .800, p <.001).

Table 32
Distribution of coordination modes among various levels of copies model stability

Stability of the copies model

Coordination modes Absence  Low Moderate Moderate Moderate High
low high

Stable unconditional 3 3

Unstable unconditional 1 1 1

Stable conditional 1 1 2

Unstable conditional 3 2

Incoordination 5 4

Total 6 9 4 3 3 3
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CHAPTER 5
DISCUSSION

This study investigates the sources of difficulty that beginning computer science
students have in understanding recursion. Specifically, it attempts to explain students’
inconsistent performance across tasks targeting the recursion concept. Previous studies
conceptualized coarse-grained mental models underlying various types of performance but
failed to explain why these mental models manifest themselves inconsistently across similar
tasks. Based on the knowledge-in-pieces perspective adopted in the current study, it was
hypothesized that participants rely on the computer-as-agent p-prim to interpret recursive
functions, and different task features differentially constrain the influences of this p-prim on
performance. This subtle mechanism gives rise to the inconsistent performance observed
across tasks that target the same concept.

To evaluate this general hypothesis, participants were asked to complete four tasks
representing varying levels of constraint and interviewed to report and explain their thought
processes. It was expected that more participants would demonstrate the copies models of
recursion in the high-constraint tasks than in the low-constraint tasks, and for each individual
participant, the copies model would cluster around tasks with relatively high constraint. Also,

participants’ interpretations of the recursive functions were expected to demonstrate
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characteristics associated with p-prim-generated interpretations.
Hypothesis 1

Hypothesis 1: Participants are more likely to exhibit the copies model when evaluating a
recursive function with a prefix call structure than evaluating a recursive function with a tail
call structure.

Number-Prefix versus Number-Tail

Results from the untriangulated trace data show that the proportion of participants
demonstrating the copies model in the number-prefix task is significantly higher than the
proportion of participants demonstrating the copies model in the list-prefix task. Results from
the triangulated trace data show the same. As defined earlier (see Chapter 3), the
number-prefix task and the number-tail task induce high and medium situational constraints,
respectively. The higher the situational constraint, the more likely the computer-as-agent
p-prim is to operate in appropriate ways. Thus, these results suggest that participants’
inconsistent performance is attributable to varying operations of the computer-as-agent p-prim

in different task situations’.

? These results might be alternatively explained by effect of learning transfer (Singley &
Anderson, 1989). The number-prefix task may represent a near-transfer task because the
participants were predominantly exposed to similar examples prior to the quiz. Three of the
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Validation using the interview data confirms that the call structure dimension
successfully induces different levels of situational constraint. Analysis of the interview
transcripts show that the presence of the prefix operation in the number-prefix task facilitates
participants’ consideration of the recursive call as a value produced by an invocation. In terms
of knowledge coordination, activation of the multiplication schema raises the cuing priority of
the product-by-process schema (a special case of the process schema). In contrast, the
number-tail task does not constrain participants to properly interpret the recursive call. As a

result, participants take alternative views of the recursive call (e.g., entrance schema), which

four examples introduced in the lecture had number parameters and prefix call structure, and
four of the five tasks in the homework assignment also had this configuration. In contrast, the
number-tail task may represent a far-transfer task because the participants had limited
experience with recursive methods that involve tail call structure and printing statement. The
teaching assistant reviewed two examples that covering these features right before the quiz, but
such a quick exposure to the tail call structure cannot match the substantial experience with the
prefix call structure.

This alternative explanation is not consistent with the observed performance on the quiz.
Participants may demonstrate near-transfer by employing the same evaluation strategy on the
quiz as they practiced in the homework assignment (Singley & Anderson, 1989). However, the
assignment worksheet framed a bottom-up evaluation strategy in order to help participants
understand the relationships among invocations. With this strategy, participants first evaluate
the base case and then accumulate the results through the second last invocation to the original
invocation. Only three participants employed this bottom-up strategy in the quiz. Other
participants’ traces all started with the given invocation and presented a typical sequence:
active flow, base case, and passive flow if any. Thus, it is reasonable to believe that most of the
participants consciously applied their knowledge of recursion rather than simply repeated their
prior performance.
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lead to construction of various non-copies models.
List-Prefix versus List-Tail

Results from the original trace data show that the proportion of participants
demonstrating the copies model in the list-prefix task is not significantly different from the
proportion of participants demonstrating the copies model in the list-tail task. Results from the
triangulated trace data, however, do show the expected difference. As defined earlier (see
Chapter 3), the list-prefix task and the list-tail task induce medium and low situational
constraints respectively. Thus, the results partially suggest that participants’ inconsistent
performance is attributable to varying operations of the computer-as-agent p-prim in different
task situations.

This discrepancy between the untriangulated trace data and the triangulated trace data is
attributable to the recategorization of mental models based on the interview data. The mental
models exhibited in the trace data do not necessarily reflect the quality of participants’
knowledge because participants likely “satisfice” to fulfill the requirements of the assessment
task (i.e., quiz) rather than to fully display their knowledge (Simon, 1956, p.129). In the case of
this study, the list-prefix task permits two types of correct answer that may conceal one’s
understanding of recursion. First, participants may determine the final output within the
original invocation, and eliminate the need to elaborate the recursive process (i.e., shortcut
model). Second, participants may demonstrate the active flow and then combine results from
all invocations without specifying the sequence of processing (i.e., active [combine-all-after

base case] model). In the interviews, six of these participants showed the potential to
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demonstrate the copies model if they were required to fully elaborate the recursive process'’.

Recategorizing these participants’ mental models substantially changes the result.

The results from the triangulated trace data are consistent with the potential effect of call
structure emerged from previously reported data (Sanders et al., 2006). The research design in
this study improves the credibility of this potential effect. Sanders and colleagues collected
data from four cohorts of participants who each completed different tasks. This multi-cohort
design introduced confounding factors due to varying cohort characteristics. The one-cohort
design in the current study effectively eliminated these potential confounding factors. Also, the
tasks used in the Sanders study had mixed and complex call structures (i.e., head-and-prefix
call and prioritized prefix-and-suffix call), which made it difficult to isolate effects from each
feature. In the current study, task features are simplified and controlled to permit more direct
links between specified task features and participants’ performance.

Hypothesis 2

Hypothesis 2: Participants are more likely to exhibit the copies model when evaluating a

' It is assumed that participants’ understanding of recursion remained the same between
the quiz and the interview for three reasons. First, participants generally demonstrated high
levels of recall during interviews, which took place 2-10 days after they took the quiz. Second,
the instructors did not provide additional instruction on recursion or review the quiz during the
time period between the quiz and the interview. Third, participants were specifically asked to
report their understanding during the quiz day.
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recursive function with a number parameter than evaluating a recursive function with a list
parameter.
Number-Prefix versus List-Prefix

Results from the untriangulated trace data show that the proportion of participants
demonstrating the copies model in the number-prefix task is significantly higher than the
proportion of participants demonstrating the copies model in the list-prefix task. Results from
the triangulated trace data show the same. As defined earlier (see Chapter 3), the
number-prefix task and list-prefix task induce high and medium situational constraint
respectively. Thus, these results suggest that participants’ inconsistent performance is
attributable to varying operations of the computer-as-agent p-prim in different task situations.

However, validation using the interview data problematizes the parameter type
dimension as a valid inducer of situational constraint. Analysis of the interview transcripts
show that mistakes on the list operations have no impact on how participants construct mental
models of recursion because they are not related to the recursive call. Instead, mistakes on the
logical-AND operator (i.e., double ampersand “&&”) substantially influence participants’
performance. Because the logical-AND operator connects a Boolean value and the recursive
call, a correct understanding of the logical-AND operator facilitates participants to recognize
that the recursive call must return a Boolean value. In terms of knowledge coordination,
activation of the proper logical-AND schema raises the cuing priority of the
product-by-process schema. Several participants misunderstood the logical-AND operator as a

punctuation or a connector between two elements. These misunderstandings remove the
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facilitation for correctly understanding the recursive call, leading to activation of other
schemas that generate non-copies models.

Although parameter type failed to induce varying situational constraint in this study;, it
can do so if the list-prefix task is designed differently. In a previous study comparing
participants’ performance on a list function and a number function (Segal, 1995), both the list
operations and the numerical operations were designed to be attached to the recursive call.
Participants showed better performance on the number function than the list function. Segal
speculated that participants’ ability to view unprocessed operations in their entirety promotes a
sound evaluation strategy in which processing of the operations is delayed until all invocations
are fully instantiated. This ability is more developed in the number domain than in the list
domain, so participants performed better on the number function than on the list function.
From the perspective of the current study, this speculation is still plausible because it shows
how participants’ prior knowledge may render the same task high-constraint or low-constraint.

Contrasting the present study with Segal (1995) leads to a post hoc explanation for the
present results. That is, situational constraint varies with participants’ familiarity with the
operations attached to the recursive call. These operations impose high situational constraint
when participants have a good understanding of them, and they impose low situational
constraint when participants have a poor understanding of them. In the case of the two tasks in
this study, participants are more likely to be familiar with the multiplication operation in the
number-prefix task than the logical-AND operator in the list-prefix task. Therefore, the

number-prefix task in general imposes higher situational constraint than the list-prefix task
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does.
Number-Tail versus List-Tail

Results from the untriangulated trace data shows that the proportion of participants
demonstrating the copies model in the number-tail task is not significantly different from the
proportion of participants demonstrating the copies model in the list-tail task. Results from the
triangulated trace data do not show any difference either. As defined earlier (see Chapter 3), the
number-tail task and list-tail task induce medium and low situational constraints respectively.
Thus, these results do not suggest that participants’ inconsistent performance is attributable to
varying operations of the computer-as-agent p-prim in different task situations.

These unexpected results may be explained by the aforementioned issue of parameter
type failing to impose varying levels of situational constraint. In both of these tasks, there are
no operations attached to the recursive call. Participants’ misunderstandings on the unattached
operations, either numerical operations or list operations, would not affect how they evaluate
the recursive call. Thus, participants’ differential familiarity with the two domains does not
influence their performance.

Hypothesis 3

Hypothesis 3: If participants exhibit the copies model in some but not all task
situations that represent four possible combinations of call structure and parameter type, their
successful performance will be clustered around tasks with higher situational constraints.
Performance patterns representing such trend should occur more frequently than those

contradicting it.
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Results from the untriangulated trace data show that the proportion of
hypothesis-consistent performance patterns significantly exceeds the proportion expected
based on a random distribution. Results from the triangulated trace data show the same. These
results indicate that for the participants with a tentative understanding of recursion, successful
performance is a function of situational constraint induced by a task'".

These results importantly complement the results for hypothesis 1 and hypothesis 2. The
first two sets of results show participants’ inconsistent performance at the group level.
However, because the set of participants demonstrating the copies model in the high-constraint
task overlaps with rather than encompasses the set of participants demonstrating the copies
model in the low-constraint task, it would be unsound to infer inconsistent performance at the
individual level. Therefore, this set of results is necessary to demonstrate inconsistent
performance at the individual level.

In sum, these results largely support the general hypothesis that participants’
inconsistent performance is attributable to varying operations of the computer-as-agent p-prim

in different task situations.

" Considering the aforementioned issue of parameter type failing to induce a varying
situational constraint, cases only showing differential performance by parameter type should
not be considered. Fortunately, only one participant from the untriangulated trace data shows
such pattern combinations. Removing this case from the analysis would not change the results.
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Supposition 1

Supposition 1: Interpretations generated by the computer-as-agent p-prim are
characteristic of a sense of intuitive obviousness and satisfaction.

The interview data is consistent with the expected self-explanatory characteristic of the
interpretations generated by computer-as-agent p-prim. A sense of certainty and satisfaction, as
shown in participants’ tones and linguistic features, accompanies these interpretations,
regardless of whether they are productive or unproductive. These interpretations are robust
enough to be articulated, even when participants interpret a function as being useless (i.e.
attaining a null output). Contrast between these interpretations and standard interpretations
generate puzzlement and confusion as well as an expressed need for explanations of the
unanticipated outcomes.

Supposition 2

Supposition 2: Interpretations generated by the computer-as-agent p-prim serve
participants well in many cases rather than causing problems all the time.

Interpretations of non-recursive statements and original invocation are mostly
productive, although these interpretations have limited contribution to construction of the
copies model of recursion. Interpretations of the sub-invocations and recursive statements
can be productive or not depending on the particular contextual configurations shaped by
task features. Overall, the interpretations generated by the computer-as-agent p-prim are

functional.
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Supposition 3

Supposition 3: Interpretations generated by the computer-as-agent p-prim are sensitive
to local context, thus they are likely to change in response to change in local context.

Inspection across mental transaction units shows that interpretations of the recursive call
are inconsistent across tasks. Substantially different contextual configurations may activate
different schemas through the computer-as-agent p-prim, resulting in differing interpretations.
The slightly different contextual configurations may activate the same schema but charge it
with different levels of cuing reliability, leading to inconsistent performance in a single task.

In sum, participants’ interpretations of recursive functions show the main characteristics
of p-prim based interpretations (diSessa, 1993): self-explanatory, functional, and
context-sensitive.

Supposition 4

Hypothesis 4: Stability of the copies model is associated with coordination mode. The
more coordinated the p-prim operation, the more stable the copies model

Results indicate that the computer-as-agent p-prim’s coordination modes are associated
with the stability of the copies model. When the computer-as-agent p-prim unconditionally
coordinates with the process schema, the copies model is highly stable. When the coordination
occurs conditionally, the stability of the copies model is fair. When no coordination exist
whatsoever, the copies model is extremely unstable. These findings suggest that participants’
understanding of recursion can be described in terms of coordination among knowledge

elements, because such descriptions successfully account for the unexplained variability in
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participants’ performance.

This finding is new to the literature on learning recursion. Many researchers (e.g.,
Gotschi, 2003; Mirolo, 2010; Scholtz & Sanders, 2010) described participants’ understanding
of recursion in terms of mental models and associated misconceptions. However, no research
describes it in terms of the quality of knowledge system or the coordination of a
computer-as-agent p-prim with essential schemas, consistent with the knowledge-in-pieces
perspective.

Conclusions

These two studies together address the following two questions:

1. Do beginning CS students demonstrate reliance on identifiable p-prims when trying

to understand and apply recursion?

2. If they do, what are the structures, relevant circumstances, functions, and effects of

these p-prims as they impact learning and performance?

The combined results indicate that beginning CS students rely on the computer-as-agent
p-prim when trying to understand and apply recursion. Study 1 demonstrates that participants’
inconsistent performance on recursive function evaluation can be attributed to varying
operations of a computer-as-agent p-prim in tasks with different features. Findings from Study
2 suggest that participants’ interpretations generated by the computer-as-agent p-prim are
self-explanatory, functional, and context-sensitive, which are the hallmarks of p-prim-based
interpretations.

On the basis of these results, a preliminary knowledge-in-pieces-based model of
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recursive function evaluation can be developed that grounds the functioning of the identified
p-prim. The following section describes this model, emphasizing the computer-as-agent
p-prim.
A Model of Recursive Function Evaluation

Built on the general knowledge-in-pieces framework (diSessa, 1993), the
computer-as-agent p-prim and programming schemas comprise a cognitive model of recursive
function evaluation. These knowledge elements constitute a knowledge activation network
with structured priorities. A person’s ability to correctly evaluate recursive functions is a
function of the mode of coordination between the computer-as-agent p-prim and the
process-related schemas of method invocation.

Computer-as-Agent P-prim Properties

Schematization: The computer-as-agent p-prim has four components structured in an
agentive format: computer (agent) processes (action) instructions (patient) to generate results
(effect).

Circumstances: original method invocation, sub-invocation, recursive statement, and
non-recursive statement are the circumstances that activate the computer-as-agent p-prim.

Operation: When the computer-as-agent p-prim is activated, it fills up its slots with
contents. In the case of program evaluation, the patient slot is occupied first by the elements of
the given function. Then, feedback from programming schemas occupies the effect slot.

Function: The computer-as-agent p-prim functions as an interpretive framework for

program elements and generates layers of control over the program evaluation process.
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Programming Schemas

Programming schemas are action-oriented mental representations of the elements in a
program. They are activated by their corresponding circumstances—a certain element in a
certain context. Then, they generate specific actions upon the program elements. The same
program element may have multiple alternative schemas, which are sensitive to slightly
different contexts around the program element. In the present study, schemas of method
invocation (original invocation or sub-invocation) and schemas of logical-AND operator
appear to affect whether participants demonstrate the copies model of recursion. The copies
model of recursion relies on coordination between the computer-as-agent p-prim and the
process-related schemas of method invocation, and the proper logical-AND schema helps
activate these process-related schemas.

Theoretical Cognitive Mechanism

The sub-invocation circumstance first activates the computer-as-agent p-prim. The
activated computer-as-agent p-prim specifies the context, which further activates the schemas
of method invocation. The activated schema completes its operation and sends feedback to the
computer-as-agent p-prim. The computer-as-agent p-prim completes its operation once all its
slots are filled. Coordination refers to a scenario in which the computer-as-agent p-prim and
the schema of method invocation are active at the same time to accomplish a goal.

In a developing knowledge system, the sub-invocation circumstance may activate one of
the schemas of method invocation because they all have a similar cuing priority to the

circumstance. In such case, the computer-as-agent p-prim plays an important but problematic
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role. The computer-as-agent p-prim coordinates with the non-process-related schemas
because they usually entail only a few actions and immediately send feedback to the active
computer-as-agent p-prim. In contrast, the process-related schemas entail many more actions
and take longer to send feedback. Thus, the active computer-as-agent p-prim shapes the
context in a way that raises the cuing priority of the non-process-related schemas.

However, other active knowledge elements in the context can constrain the dominant
influence of the computer-as-agent p-prim over which schemas of method invocation will be
activated. For instance, when a recursive call has a prefix multiplication operation, the nature
of this operation implies that the sub-invocation returns a number. The active attribute schema
raises the cuing priority of the product-by-process or process-to-product schemas of method
invocation which are compatible with prescribed attribute. Meanwhile, it lowers the cuing
priority of the non-process-related schemas that are preferred by the computer-as-agent p-prim.
Thus, this active attribute schema weakens the unproductive influence of the
computer-as-agent p-prim.

In a developed knowledge system, the process-related schemas have developed high
cuing priorities to the sub-invocation circumstance. The active computer-as-agent p-prim still
shapes the context, but its influence is limited compared to the established high cuing priority
of the process-related schemas.

Three Modes of Coordination
In order to construct a copies model of recursion, it is necessary for the

computer-as-agent p-prim to coordinate with the process-related schemas. Three coordination
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modes can be observed when knowledge systems at different developmental stages interact
with tasks with various features.

In the incoordination mode, the computer-as-agent p-prim does not coordinate with the
process-related schemas in any of the tasks. Instead, it coordinates with the
non-process-related schemas (e.g., variable updater, etc.) cued by some features of the
sub-invocation circumstance (e.g., variable value decrementing by 1). In the knowledge
system, either the process-related schemas have not emerged yet, or their cuing priorities to the
sub-invocation circumstance are so low that even constraining knowledge elements could not
help activating them.

In the conditional coordination mode, the computer-as-agent p-prim coordinates with
the process-related schemas in some but not all the tasks. In the knowledge system, the
process-related schemas have developed competitive cuing priorities relative to the
non-process-related schemas. However, when no constraining knowledge element is present,
the computer-as-agent p-prim favors the non-process-related schemas. So for the coordination
to occur, some constraining knowledge elements must be active to weaken the unproductive
influence of the computer-as-agent p-prim. These constraining knowledge elements can be
activated by some tasks with certain features but not the others.

In the unconditional coordination mode, the computer-as-agent p-prim coordinates with
the process-related schema in all the tasks. In the knowledge system, the process-related
schemas have developed high cuing priorities to the sub-invocation circumstance. With the

established cuing priority in place, the unproductive influence of the computer-as-agent p-prim
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is negligible. Also, the presence of constraining knowledge elements is only reinforcing but
not essential to the activation of the process-related schemas.
Implications for Theory

As discussed in Chapter 2, inspired by the mental model theory (Gentner & Stevens,
1983; Johnson-Laird, 1983), many researchers (e.g., Gotschi, Sanders, & Galpin, 2003;
Kahney, 1983) successfully identified a variety of mental models of recursion among novice
programmers. Although they conceptualized the mental models of recursion as integral
knowledge structures that underlie participants’ interpretations of recursive functions, this
particular conceptualization does not lead to a plausible explanation for the inconsistent
manifestation of these mental models across similar tasks.

However, in Johnson-Laird's (1983) mental model theory of reasoning, the mental
models of syllogism are configured with only a few parts and cannot be further decomposed to
meaningful units. Collins and Gentner (1987) studied mental models of relatively complex
phenomena, and they considered these mental models as constructed by combining several
“component models” (p.254). These original accounts point to the potential benefit of
identifying the smallest knowledge structures that constitute large and complex mental models.

The present study does exactly this; it focuses its investigation on finer-grained
knowledge structures. The mental model of recursion is reconceptualized as a descriptive
construct for patterns of performance, as opposed to an explanatory integral knowledge
structure as previously conceptualized in the literature. Accordingly, in this study,

misconceptions are conceptualized as facets of maladaptive mental models rather than casual
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knowledge structures. As a result, the inconsistency in mental model manifestation is a
phenomenon to be explained by behaviors of the finer-grained knowledge structures.

As the mental model theory lacks an elaborated account of these elemental knowledge
structures, the knowledge-in-pieces theory duly serves as an effective framework. The
proposed model explains participants’ inconsistent performance on recursive function
evaluation that previous studies were not able to explain. This outcome reflects the importance
of breaking a mental model into components and describing the relationships among them in
order to sufficiently explain the observations at the mental model’s level.

Situational Constraint

The three hypotheses posed in this study require the concept of situational constraint.
Although the term is new to the conceptual change literature, the concept itself is present in a
variety of previous studies of human knowledge systems (Frank, 2010; Parnafes, 2005;
Thaden-Koch, Dufresne, & Mestre, 2006; diSessa, 1993). For example, Thaden-Koch et al.
(2006) found that in a certain task setting but not others, physics participants’ reliance on their
novice knowledge in physics consistently steered them away from useful and directly
observable information in the given task environment, whereas their non-physics counterparts
directly perceived these information and use them to generate sound interpretations. Thus, a
person’s behaviors are neither determined by the properties of the person nor by the properties
of the environment alone. Rather, the behaviors are constrained by some properties of the
entire person-environment system.

Although the concept of situational constraint is frequently used to provide post hoc
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explanations, it has not been explicitly clarified and systemically utilized to generate testable
hypotheses. It is probably because the methodology of conceptual change studies has been
predominately inductive, which does not require a priori explanations. However, for the
knowledge-in-pieces theory to advance, investigation must move from only using inductive
approaches to using deduction or mixing the two approaches. The concept of situational
constraint is important to making this move, because it is a tool to predict consequences of task
design for certain population.

To clearly define situational constraint, a definition of sifuation must be in place first. In
the present study, situation is defined as the state of a nondecomposable person-environment
system. The grain size of a situation can be as large as
participant-taking-a-quiz-in-half-an-hour or as small as
participant-evaluating-a-recursive-call-in-a-few-seconds. Situational constraint is thus a
property of the situation pertaining to the operations of certain knowledge elements. In this
study, the knowledge element of interest is the computer-as-agent p-prim.

As the grain sizes of situations vary, situational constraint may refer to how a transient
context specified by active knowledge elements constrains the influence of the
computer-as-agent p-prim over further knowledge activation. Alternatively, situational
constraint may also refer to the overall constraint that a coarse-grained situation (e.g.,
participant-evaluating-a-recursive-function) imposes on the computer-as-agent p-prim. This
overall constraint can be estimated by aggregating the constraints imposed by the fine-grained

situations. In this study, the task-level situational constraint is used to make assumptions
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underlying task design for hypotheses testing.

It is usually difficult to predict a series of situations that a person-environment system
would move through. Indeed, such predictions require strict control of the task environment
and accurate knowledge of the person’s task-relevant abilities. However, it is not impossible if
two conditions are in place: (1) a rich literature base informative about potentially important
task properties and (2) adequate information about the sample’s characteristics. The present
study is fortunate to have both. The tasks are designed to vary only on two important
dimensions which were identified from the literature, and participants’ task-relevant abilities
are determined based on the information about the specific class. Then, the situational
constraints of the tasks are estimated by simulating participants’ task performances using the
properties of both the task environment and the participants’ knowledge system.

Despite the technical challenge just described, the concept of situational constraint
should lend itself to being a productive ingredient in investigations of complex knowledge
system.

Extending Knowledge-in-Pieces Perspective to the Domain of Computing

In this study, the agentive causality meta-p-prim in intuitive physics (diSessa, 1993) also
manifests in the domain of computing. This finding suggests that knowledge systems of
different domains do share nontrivial elements. Indeed, domain boundaries are probably not an
intrinsic property of intuitive knowledge systems, and the same element may be used for
reasoning in multiple domains (Russ, Sherin, & Drive, 2008).

It may be counterintuitive for p-prims to exist in an intuitive computing knowledge
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system. Certainly, computing activity seems to be highly symbolic, not relying on bodily
experiences like physical activities do. However, computing is essentially a form of problem
solving, which is an everyday task at a multiple of scales. Although every problem is unique in
some way, there are patterns shared in all problem solving activities (Newell & Simon, 1972).
Engagement in problem solving generates a rich experiential base for the domain of
computing.

Some abstractions from human problem solving turn out to be inappropriate for
computing. For instance, computer programs written by younger participants frequently
contain errors generated by inappropriate assumptions that computer programs are capable of
interpreting the programmer’s intentions (Pea, 1986). Such preconceptions are probably
developed from collaborative problem solving activities in which agents are human
interpreters.

Direct interaction with computing devices is another important source for intuitive
computing knowledge. As human society becomes increasingly reliant on information
technology, children are engaged in computer-mediated activities at increasingly earlier ages
and with increasing frequency (Newburger, 2009). As a result, children develop conceptions of
computers at a younger age than before (Oleson, Sims, Chin, Lum, & Sinatra, 2010). Primitive
knowledge structures may emerge from children’s direct experiences with computers at early
developmental stages. Such first-handedly originated p-prims might be particularly
problematic because they are rooted in bodily experiences just like the p-prims of mechanism

arc.
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Implications for Practice

This knowledge-in-pieces-based explanation has implications for design of diagnostic
assessment of recursion. Traditionally, diagnostic assessments are designed to identify
maladaptive mental models and associated misconceptions, but the inconsistency of these
mental structures limits the usefulness of assessment (G6tschi, 2003). In this study, mental
models and misconceptions are redefined as manifestations of the underlying knowledge
system. Within this framework, the goal of diagnostic assessment should be refocused on the
quality of the underlying knowledge system. Test items should be designed to reflect various
situational constraints. High-constraint tasks would not differentiate participants because they
provide excessive assistance for participants to successfully accomplish the task.
Low-constraint tasks would be ideal for identifying participants with high quality knowledge
system. Medium-constraint tasks would be appropriate to examine specific aspects of
participants’ knowledge system.

This study also has implications for the optimal sequence for teaching programming
concepts. Researchers disagree about when to teach recursion. Some suggest teaching
recursion as an advanced topic and place it after looping construct (e.g., Kessler & Anderson,
1986; Wiedenbeck, 1988), while others suggest teaching recursion prior to looping construct to
prevent confusion (e.g., Levenick, 1990; Turbak et al., 1999). These arguments are framed
around the belief that maladaptive mental models and associated misconceptions are
attributable to prior knowledge of concepts resembling recursion. This study alternatively

concludes that maladaptive mental models are attributable to participants’ own intuition.
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However, this conclusion does not exclude the possibility that learning certain programming
construct in prior may strengthen or weaken certain knowledge activation patterns. For
instance, when evaluating simple non-recursive functions, it is sufficient to use the entrance
schema of method invocation because there is no chance to leave the invocation during
evaluation until reaching the end of the function. Repeated experiences with such functions
may strengthen the coordination between the computer-as-agent p-prim and the entrance
schema. The looping construct may be a special case of such experiences because repeatedly
applying the entrance schema to the loop section is sufficient to generate correct evaluation.
This study also has implications for selection of appropriate examples to introduce
recursion. Typically, CS textbooks and instructors introduce recursion using mathematical
functions such as factorials or Fibonacci numbers. These functions are sound choices due to
their simplicity and practical utility, but they cover only a very limited range of task features
(i.e. number parameter and fixated call structure). These features do not require unconditional
coordination due to their high situational constraint. Without actually practicing with
low-constraint tasks, participants’ knowledge system will remain unable to unconditionally
coordinate appropriate knowledge elements. Thus, instruction and practice may start with
low-constraint tasks such as evaluating methods with tail call structure. These types of
methods may lack practical utility. Instructors may consider mixing them with those
high-constraint tasks traditionally used and highlight the differences between the two. Such
instructional practice is consistent with the established evidence that varied practice facilitates

learner to extract invariant information among tasks, which is essential to transfer of learning
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(Anderson, 1983).
Limitations

The researcher only recruited participants from one class at one university. Because of
the high ranking of the university (national top 25), this sample of participants is likely to be
more homogeneous and have stronger academic ability than the general population. This
sample characteristic limits the extent to which the results and conclusions can be generalized.
However, the study successfully captured a full range of performance patterns, suggesting
reasonable variability within the sample.

The researcher herself was the only coder and interpreter in this study. She
independently developed the coding schemes, evaluated trace data, and analyzed interview
transcripts. Although safeguards were utilized to limit bias (see Chapter 3), future studies
would benefit from independent, blind coding by multiple researchers.

Future Directions

Future research may extend application of knowledge-in-pieces theory to investigate
how learning of recursion occurs in terms of how knowledge system evolves in reaction to
environmental perturbations. This study has provided sketches of three types of coordination.
Assuming all participants share the same learning trajectory, it appears that knowledge system
evolves from incoordination mode, to conditional coordination mode, and then to
unconditional coordination mode. However, it is unclear whether participants share the same
trajectory or there are multiple trajectories. More importantly, it is critical to know what

conditions cause these changes. These nuanced processes of learning can be captured using
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microgenetic research method (Siegler & Crowley, 1991).

Also, future research may extend application of the knowledge-in-pieces theory to
investigate how participants solve recursive problems because a well-rounded understanding
of recursion consists of understanding of both the machine domain (addressed in this study)
and the problem domain. As participants’ understandings of recursive function are often
associated with their understandings of recursive problems (Mirolo, 2010), the findings of this
study are likely to guide the new investigation. The knowledge elements and cognitive
dynamics identified in this study likely play important roles in recursive problem solving. For
instance, an unconditional coordination between the computer-as-agent p-prim and the process
schema of method invocation is essentially the ability to encapsulate a process and make it a
part of a larger process—an ability critical to formulating a solution that refers to itself.

Building upon the well elaborated knowledge-in-pieces-based model of how
participants learn recursive function (the machine domain) and recursive problem (the problem
domain), research can be further focused on evaluating various existing instructional practices.
These practices include various static (Er, 1995; Haynes, 1995; Kruse, 1982; Murnane, 1991;
Troy & Early, 1992; Wu, 1993) and dynamic (George, 2000; Kann, Lindeman, & Heller, 1997;
Wilcocks & Sanders, 1994) representations of the recursive process. Hypotheses generated
based on the knowledge-in-pieces-based model may capture more nuanced differences among
the practices because this study shows that the knowledge-in-pieces-based model has greater

explanatory power than previous models.
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APPENDICES

Gotschi’s (2003) categorization scheme for mental models of recursion

Codes Explanations
Copy a new invocation with a new argument shown
Loop operation is done on the list element by element
Active | Not shown only answer given or the trace is not detailed
Flow None no recursion, one or two step evaluation
Null nothing can be concluded
Algebraic algebraic manipulation of function call
Stop recursion stops once base case is reached
Base Switch once base case reached, switch from active to passive flow
case Check incorrect | incorrect test for base case
Base omitted operation at base case omitted
Copy a partial solution is calculated at each level and returned to the
previous invocation
None solution evaluated at base case
Passive | Return values each invocation’s return value saved and used in calculating a
flow solution
Return problem misconceptions about parameter passing and return value
Operation || changed to + or x or combination, or order of operations
changed Changed
Code Combinations (active flow, base case, passive flow) Mental Models
Copy, Switch, Copy Copies
Loop, Stop, None Looping
Copy, Stop, None Active
None, -, - Step
Algebraic, -, - Algebraic
-, -, return values/return problem/operation changed Return value
“recognize syntactic segments as indications of recursive behavior and | Magic
use their ‘magic’ ideas” (p.52)
“Show aspects of looping, algebraic and return value models, or were | Odd

simply incomprehensible” (p.53)

www.manaraa.com



179

Appendix 2

Adapted categorization scheme for mental models of recursion

Copies model
Keep invoking the method with new values until arriving at the base case, and then return to
previous invocations until the original invocation.
Example (evaluation of the number-prefix method):
p (5, 4)
5% p(5, 3)
5% p(5, 2)
5% p(5, 1)
5% p(5, 0)
1
5*1=5
5*%5=25
5*%25=125
5*125=625 -> final answer

Active (combine all after base case) model
Keep invoking the method with new values until arriving at the base case, and then combine
all the unfinished operations without showing the sequence of processing. Example 1
(evaluation of the number-prefix method):
p (5, 4)

5% p(5, 3)

5% p(5, 2)
5% p(5, 1)
5% p(5, 0)
5% 5% 5% 5% 1 = 625 - final answer

Example 2 (evaluation of the list-prefix method):
aq ([2, 1, 3, 81, 0)
false && g([2, 1, 3, 8], 1)
true && g([2, 1, 3, 81, 2)
true && g([2, 1, 3, 8], 3)
true
false && true && true && true = false =2 final answer
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Active (combine all along the way) model

Keep invoking the method with new values until arriving at the base case, and combine
unfinished operations along the process of invoking.

Example (evaluation of the number-prefix method):

p (5, 4)
5% p(5, 3)
25* p(5, 2)
125* p(5, 1)
625* p(5, 0)

625*1 = 625 = final answer

Active (combine last two) model
Keep invoking the method with new values until arriving at the base case, and then combine
result of the base case and the result of the second last invocation.
Example 1 (evaluation of the number-prefix method):
p (5, 4)
5% p(5, 3)
5% p(5, 2)
5% p(5, 1)
5% p(5, 0)
1
5*1=5 > final answer

Example 2 (evaluation of the list-prefix method):
a ([z, 1, 3, 81, 0)
false && g([2, 1, 3, 8], 1)
true && qg(l[2, 1, 3, 81, 2)
true && g(l[2, 1, 3, 81, 3)
true

true && true = true =2 final answer

Active (revert to first) model
Keep invoking the method with new values until arriving at the base case, and then revert to
the original invocation and finish evaluating statements after the recursive call.
Example (evaluation of the number-tail method):
g(l0, 3)
g(l0, 2)
g(l0, 1)
g(l0, 0)
print “10*3=30” > final answer
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Active (revert to second last) model
Keep invoking the method with new values until arriving at the base case, and then revert to
the second last invocation and finish evaluating statements after the recursive call.
Example (evaluation of the number-tail method):
g (10, 3)
g(l0, 2)
g(l0, 1)
g (10, 0)
print “10*1=10” - final answer

Active (output from all) model
Keep invoking the method with new values until arriving at the base case, and output at each
invocation regardless how the recursive call and output statement are sequenced.
Example 1 (evaluation of the number-tail method):
g (10, 3)
print “10*3=30"
g (10, 2)
print “10*2=20"
g (10, 1)
print “10*1=10"
g (10, 0)
Final answer: 10*3=30
10*2=20
10*1=10

Example 2 (evaluation of the list-prefix method):
q ([2, 1, 3, 81, 0)
false && g([2, 1, 3, 81, 1)
true && gq([2, 1, 3, 81, 2)
true && g([2, 1, 3, 81, 3)
true
false true true true =2 final answer
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Active (output from all but first) model

Keep invoking the method with new values until arriving at the base case, and output at each
invocation except the original invocation.
Example (evaluation of the number-tail method):

g(l0, 3)
g(10, 2)
print “10*2=20"
g(10, 1)
print “10*1=10"
g (10, 0)
final answer: 10*2=20

10*1=10

Active (base case result) model
Keep invoking the method with new values until arriving at the base case, and take the base
case result as the final answer.
Example 1 (evaluation of the number-prefix method):
p (5, 4)
5% p(5, 3)
5% p(5, 2)
5* p(5, 1)
5% p(5, 0)
1 - final answer

Example 2 (evaluation of the number-tail method):
g (10, 3)
g(l0, 2)
g(l0, 1)
g(10, 0)

output nothing or print “10*0=0” -> final answer

Example 3 (evaluation of the list-prefix method):
aq ([2, 1, 3, 81, 0)
false && g([2, 1, 3, 8], 1)
true && g([2, 1, 3, 81, 2)
true && g([2, 1, 3, 8], 3)

true > final answer
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Bottom-up model

Evaluation starts from the base case up to the original invocation. A result is obtained at each
invocation and used to evaluate the calling invocation.

Example (evaluation of the number-prefix method):

p(5, 0) =1

p(5, 1) = 5*p(5, 0) = 5*1 =5

p(5, 2) = 5*p(5, 1) = 5*5 = 25

p(5, 3) = 5%*p(5, 2) = 5*%25 = 125

p(5, 4) = 5*p(5, 3) = 5*125 = 625

Shortcut model

Final result is evaluated at the original invocation without invoking the method again with
new values.

Example (evaluation of the list-prefix method):
aq ({z, 1, 3, 8], 0)

false && g([2, 1, 3, 8], 1) = false > final answer
Step model
Only evaluate the method for once due to misunderstanding the recursive call as other
operations.
Example (evaluation of the number-prefix method):
p (5, 4)
5*p (5, 3) = (25, 15) > 40 > final answer

Function description model
Provide a description of the function of the recursive function, and the description does not
fully reveal how the recursive function is executed.
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Appendix 3

Mental models of recursion test

Name: E-mail id:

This quiz contains five questions, each on its own page. Each question has equal weight.
Please show your work for every question.

This quiz is closed-book, closed-note, closed-website, etc.

To facilitate using the results of this quiz in educational research, please do not put you

name or E-mail id on any of the pages other than this cover page.

This quiz is pledged. You do not need to write out the pledge explicitly.

www.manharaa.com




185

public static boolean f( int n ) {
boolean result;

if (n == ) |
result = true;

}
else if (n ==1) {
result = false;

}
else {

result = £f(n - 2 );
}

return result;

}

If f£( n ) returnstrue, what do you know aboutn? nis

If f£( n ) returns false, whatdo you know aboutn? nis
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public static void g( int m, int n ) {
int product = m * n;

if (n !'=0) {

g(m, n-1);

System.out.println(m + "™ * " + n + " = " + product );
}
}

What output does invocation g ( 10, 3 ) produce? Please show how you arrived at your
answer.
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public static int p( int m, int n ) {
int result;

if (n == )

result = 1;

}

else {

result = m * p(m n-1);

}

return result;

}

What value does invocation p( 5, 4 ) return? Please show how you arrived at your
answer.

www.manharaa.com




188

public static boolean g( ArrayList<Integer> list, int i ) {
boolean result;

int n = list.size();

if (1 ==n-1) {

result = true;

}

else {

int u = list.get( 1 );

int v = list.get( 1 + 1 );

boolean b = ( u <= v );
result = b && g( list, 1 + 1 );
}

return result;

}

Suppose aisan ArrayList<Integer> whose element values are [2, 1, 3, 8]. What value
does invocation g( a, 0 ) return? Please show how you arrived at your answer.
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public static void m( ArraylList<Integer> list, int i ) {

int n = list.size();

if (1 <n-1) {

int u = list.get( 1 );

int v list.get( 1 + 1 );
boolean b = (u == v );

m( list, 1 + 1 );
System.out.println( i + " " + b );
}
}

Suppose bisan ArrayList<Integer> whose element valuesare [5, 7, 4, 8]. What output
does invocation m( b, 0 ) produce? Please show how you arrived at your answer.

www.manharaa.com




190

Appendix 4

Frequencies of uncertain categorization for mental models of recursion

Untriangulated trace data

Mental Models (n=60) Number-  Number-  List- List-
prefix tail prefix tail
Copies
Active 7 10 6
Combine all after base case 1 7
Combine all along the way
Combine last two 1
Revert to first 1 2
Revert to second last 1
Output from all 5 2
Output from all but first
Base case result 2 1
Bottom Up |
Shortcut 1
Function description
Step 3 1 1
TOTAL 0 11 12 7
% Triangulation needed 0.0% 18.3% 20.0% 11.7%
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Triangulated trace data

Mental Models (n=60) Number-  Number- List- List-
prefix tail prefix tail
Copies
Active 5 6 3
Combine all after base case 4

Combine all along the way
Combine last two

Revert to first 1 1
Revert to second last 1
Output from all 4 1
Output from all but first
Base case result 2
Bottom Up |
Shortcut 1
Function description
Step 2 1 1
TOTAL 8 8 4
% Triangulation needed 0.0% 13.3% 13.3% 6.7%
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Participant No.7’s interview transcript

Participant No.7 s evaluation of the list-prefix method

192

Heeded Information

Transcript Segments

Associated Notes

q(a, 0)

public static boolean
g (ArrayList<Integer>

list, int i) {

boolean result;

int n = list.size ( );
if (1 == n - 1){
result = true;
}
else {
int u = list.get (i);
int v = list.get (i +
1);

boolean b = (u <= v);

result = b && g(list,
i+1)
}

return result;

OK, so q is going to be my method. a, which is the list,

my arraylist, which values are 2, 1, 3, and 8. And my int i
is 0. So I wrote them on the top, just give myself a note,
underneath the arraylist integer, 2, 1, 3, and 8, and wrote

down that first, i is equal to 0.

Well since the list size is 4, I wrote beside int n, is equal
to 4.

So if n is equal to 4, then going to the next statement. The
if statement, 0, which is i, is not equal to 4 minus 1,

because that is 3. So I go to my else statement.

And I get u, and u is therefore going to be first equal to 0
because it’s list dot get i.

And v is list dot get up once, so v is equal to 1.

And then you look at the Boolean value, as long as u is
less than or equal to v, which 0 is less than or equal to 1,
it is true.

And I report the result, true, and also reinvoke the
method of q list i plus 1. So i plus 1 now makes the

original i, 1, and then you go back down,

rrayList<Intege

int 1 )} {

size():

}

a(a, 1)

public static boolean
g (ArrayList<Integer> list, int i) {

boolean result;

int n = list.size ( );
if (1 == n - 1){
result = true;
}
else {
int u = list.get (1);

The list value is still 4, so n is still equal
to 4.
i which is now 1, is not equal to 3, and

so my result is not true.

I go for the else statement.

uis now 1.
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int v = list.get (i + 1); v is now 2. Cl
boolean b = (u <= v); And 1 is less than 2, so it’s true. rriak
result = b && g(list, i+1) And then I reinvoke the statement Frun ¢ Ll el
} because the result is true, reinvokeing
return result; the list i plus 1.
}
qa(a, 2)
public static boolean Sonowiisequalto 2.

g(ArrayList<Integer> list, int i) {

boolean result;

int n = list.size ( ); And i too is not equal to 4 minus 1,
if (1 == n - 1){ which is 3. So go down to else statement
result = true; again.
}
else {
int u = list.get (1i); u is equal to 2.
int v = list.get (1 + 1); v is equal to 3. =
boolean b = (u <= v); My Boolean value is still true... A
result = b && g(list, i+1) My result is true. And then once again FrOL N L EnyeEL
} reinvoke the statement, but it gives you
return result; 3 this time.
}
a(a, 3)
public static boolean

q(ArrayList<Integer> list, int i) {

boolean result;

int n = list.size ( ); And then n is still 4
if (1 == n - 1){ So i is actually this time equal to 3. So 1 - >;
e
result = true; just write true. SN
}
return result; And I return the result.

}
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Heeded Information Transcript Segments Associated Notes
m(b, 0)
public static void Ok,so,m(b,0). bisthatlist5,7,4,and 8. Solwrote g ntegers
m(ArrayList<Integer> list, that down underneath the arraylist integer list. And = (B =4
int 1) { then i is supposed to be 0, so I put that beneath the i, ;4 3
just a reference to myself. 2
int n = list.size ( ); And n is list size again, so it’s equal to 4.
if (L < n - 1){ And then i is equal to 0. The statement if i less than n
minus 1, which in this case it is, 0 is less than 3.
int u = list.get (i); The int value u is equal to list.get i, which is 0.
int v = list.get (i + 1); Andvisequal to list.get i plus 1, which is 1.
boolean b = (u == v); And then Boolean value is asking whether or not the
integer u is equal to the integer v, which is not, so I
return the value false.
m (list, i+1); And then m list i plus 1, it would give you 1.
system.out.println (i + And then it’s asking you to print out i, space, and the s B
“ +Db) Boolean value. So at first it will print out that for 0, if
} the value is 0, it would print out that, 0 is false, or,
} yea, 0, space, false. And I don’t know why I made
it run through it again. But the other two I wrote
out, I wrote out the other two values down.
m(b, 1) 1 false, because if I run through it again with, i plus \ =y :
1, that would give you 1, which will also be false. :
m(b, 2) And then here do it again, it would be 1 plus 1 which
is 2, and that would also be false. s Gy
m(b, 3) And if run through it again, it would have 3, it
wouldn’t run through it.
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Appendix 6

Participant No.14’s interview transcript

Participant No.14 s evaluation of the number-tail method

Heeded Information Transcript Segments Associated Notes

g(10, 3)
public static void int [started at g of 10 comma 3,

g(int m, int n) {

int product = m*n; and so I got the product, m times n, so 10 times 3 is 30, L e 20
if (n != 0){ and if n is not equal to 0, 3 is not equal to 0, so I did the if
statement,
g (m, n-1); then you do g of 10, times, 10 comma 2, because n minus 1 A7 \.
. i, 2
is 2, !
System.out.println (Skipped)

(m+“"*”+n+“="+product)
}
}
g(10, 2)
public static void int So I went through back at 10 times 2 at the top,

g(int m, int n) {

int product = m*n; 10 times 2 is 20,

if (n !'= 0){ and then 2 is not equal to 0.
g (m, n-1); So then I would do g of 10 1
System.out.println (skipped)

(m+“*”+n+“="+product)
}

}

g(10, 1)

public static wvoid int So go back to the top.

g(int m, int n) {

int product = m*n; 10 times 1 is 10.

if (n != 0){ 1 is not equal to 0,

g (m, n-1); so I had g of 10 comma 0,
System.out.println (skipped)

(m+“*”+n+“=”+product)
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}

g(10, 0)

public static wvoid int and I went back to the top. ’ :
ﬁ‘l { PR ‘}

g(int m, int n) {

int product = m*n; 10 times 0 is 0. =
prodack =
fro - o

if (n != 0){ And then, 0, this if statement does not apply anymore

because n is equal to 0, and so I was like, I don’t know what
to do now, because I thought that would be the end of the
method.
g (m, n-1);
System.out.println
(m+“*”+n+“="+product)

}
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Heeded Information

Transcript Segments

Associated Notes

p(5, 4)
public static int p(int m,
int n) {

int result;

if (n == 0){

result = 1;
}
else {

result =m * p(m, n-1);

}

Ok, so for this, I started at, I just plug in 5 for

m, and 4 for n.
So if n equals 0, which is not equal to 0, so [

skip this statement.

Then I got else. The result equals m*p(m,
n-1), so that would be, so for p(5,4) would be
5*p(5,3).

p(5, 3)
public static int p(int m,

int n) {

int result;

So then I was like, OK, I need to figure out
what p(5, 3) is. So I went back through it (p
method).

if (n == 0){ Since 3 is not equal to 0 -
result = 1;
}
else { The result is 5*p(5,2) . N
result =m * p(m, n-1); ; v i
}
}
p(5, 2)
public static int p(int m, SoIstill don’t know what p(5,2), so I gotta
int n) { figure that out. i'
int result - -
if (n==0) { Since 2 not equal to 0 -
result=1;
}
else { I did p(5,2) equals 5*p(5,1) 2y
, { L

result=m*p(m, n-1);

}

p(5, 1)
public static int p(int
m, int n) {

int result -

if (n==0) { -

I still don’t know what p(5,1) was, so I put, [ was
like, OK, I need to figure that out.
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result=1;
}
else {
result=m*p (m,
n-1);
}
}

So I did p(5,1) equals to 5 * p(5,0)

198

p(5, 0)
public static int p(int
m, int n) {
int result
if (n==0) {
result=1l;
}
else {
result=m*p (m,
n-1);
}

And then p(5,0)

Since p(5,0) equals, since n equals 0, the result is 1

So I finally figure out 1 was [the result of p(5,0)],
so then I work backward because I knew that p (5,0)

is 1

Then I knew that p(5,1) would equal 5 because 5

times 1

So then I knew that p(5,1) is 5, so I can figure out
p(5,2) was 5 times 5

And then I did the same thing for all them until I got
back to the top, where 5 times 125 because 5 times

25 was 125, so I got 625, that’s the answer.
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Participant No.56’s interview transcript

Participant No.56 s evaluation of the number-tail method

Heeded Information

Transcript Segments Associated Notes

g(10, 3)
public static wvoid int
g(int m, int n) {

int product = m*n;

g (mr I’l—l) ’
System.out.println
(HH’“*""’n"’“:""’product)

}

Alright, so the first thing I did was assign the invocation of g iy

a(V0, 3 )
10, 3 to the parameters, so 10 would be equaltomandnwould 2 . -
be equal to 3.

And I actually think I forgot to calculate the product until after
1 did all these (statements below “int product=m*n”), but I
will go through this first part before I go back to that.

So the if statement says is n not equal to 0, and 3 isnot equalto & . — O 42>

0, so that’s a yes, so then we go through with the if statement.
And it says compute or invoke g of 10, which is still 10 and (\ B L
| v, &)
then n-1. 9 G

}
g(10, 2)
public static void int SothenIgoto gof 10 comma 2.
g(int m, int n) {

int product = m*n; & e
if (n != 0){ And then is n not equal to 0, so 2 is not equal to 0, yes. > - ¢

g (m, n-1); So then it says in if statement invoke g of 10, n minus 1, which Mo T

P

System.out.println
(m+"*”+n+“="+product)

}

is gof 10, 1.

}
g(10, 1)
public static void int
g(int m, int n) {
int product = m*n; ; R
if (n != 0){ So then 1 is not equal to 0, yes, it is not equal to 0. : 7
g (m, n-1); So then the statement says, invoke g of m, n minus 1.

System.out.println
(m+\\*/I+n+\\:ll+product)

}

www.manaraa.com




Participant No.56s evaluation of the number-prefix method

200

Heeded Information

Transcript Segments

Associated Notes

g(10, 0)
public static void int  Which is now g of 10 0.
g(int m, int n) {
int product = m*n;
if (n !'= 0){ And then is 0 not equal to 0, no, 0 is equal to 0. O AT L
g (m, n-1);
System.out.println
(m+“"*”+n+“="+product)
}
}
So then it goes back to, uhu, the statement after it said this in the RS »
previous one. G‘ /,# b f‘ i
) =0
g(l0, 1)
public static void int So this one, or when g 10, 1-
g(int m, int n) {
int product = m*n;
if (n !'= 0){
g (m, n-1); -said to go to 10 comma 0, we did that, so that’s complete. And
now we go to next statement in the if statement.
System.out.println And it says print out m times n equals product, so then we have pslia A
(m+"*”+n+%="+product) printing, it prints out 10 times 1. And then this is when I went ‘
} back calculate the product because I realized that Thadreadover (> * | = |0
} that part, but it didn’t make much difference when I was going
through it. So then I did 10 times 1, so the product is equal to 10. }(‘b e l
So 10 times 1 is equal to 10 is what it would print. So then it goes AL=0yedD P
back. I know, I finish doing g 10 of 1, so now I goes back to, e TR /‘
when it run through g 10 of 2. et L
g(10, 2)
public static void int
g(int m, int n) {

int product = m*n;

if (n != 0){
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g (m, n-1);
System.out.println

(m+\\*"+n+“="+p]’_‘0duct)

}
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So this statement has completed, the g of m n minus 1
SO now we can print m times n is equal to the product, so then it

_ _ P _ d P . fmdutlr =30
prints 10 times 2 is equal to 20, because that’s what m times n

equals to, and then so now I’'m finished with gof 10 2. Andnow |0 * 2 = 2.0

} this goes back to where it was called upon in g of 10 3. %(To ) ""‘““‘*ij
e .2 ab i
J0 %(\O 1 2) <
at=of§>9p~
g(10, 3)

public static void int
g(int m, int n) {
int product = m*n;
if (n !'= 0){
g (m, n-1);

System.out.println

(m+“*”+n+“="+product)

}

So previously g of 10 3 had stopped after g of m comma n minus
1, which is g of 10 2,
so now g of 10 3 can print out m times n is equal to the product,  prado A=30

which would be 10 times 3 equals to 30, and then it’s done e R =0
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